COMPUTING GREEN'S FUNCTION INTEGRALS
VIA

RECURRENCE RELATIONSHIPS

Sheehan Olver

Imperial

L hooriea by EPSRC FRTOZAT 3




ow can we compute the Newtonian potential

Jf(Olog ||t — x||dx
Q2

it's gradient, and more general Green's function integrals?

dea: when €2 is a square we can expand f in tensor product of
_egendre polynomials.

We show the Newtonian potential (and its gradient) of a tensor product
of Legendre polynomials can be expressed exactly in terms of a simple recurrence.

This can be used for more general Green'’s functions on rectangles.



Motivation: solving inhomogenous PDES

(A+kYu=f = U(x) = H K(||x — t||)f(t)dt + v(x)
Q

Irivially parallelises

across elements




Many related numerical methods! See

Atkinson (1985)

Greengard & Lee (1996)

sarnett (2014)

Klinteberg & Tornberg (2018)

Greengard, O'Neil, Rachh & Vico (2021)

oiiel & Serkh (2024)

Anderson, Bonnet, Faria & Pérez-Arancibia (2024)

and many more!

f wont pretenad what I'm talking about s currently
competitive, but perhaps in the future.
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. Cauchy to Log kernel on an interval

f LO9 kernels on a rectangle

. Bessel kernels on a rectangle
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Using complex variables z = x + 1y:

/11 e tlu(t)dt = gce/ll log(z — t)u(t)dt
- éR{/l u(t)dtlog(z + 1) + /1 Ul(t) 1

= §

Cauchy/Stieltjes
transtore
X

where U(x) := j u(t)dr
1



Using complex variables z = x + 1y:

[_11 e tlu(t)dt = %/11 log(z — t)u(t)dt
- ER{/l u(t)dtlog(z + 1) + /1 Ult) dt}

] _1Z—t

Weak singularity —

Bad for quadrature,

Strong singularity

(Good for deriving recurrence
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~or Legendre polynomials:

1 1
f— 1
/ log(z — t) Pyt )dt:2log(z+1)+/ dt
1 1%
1 1 2\ p(1,1)
1 P -7
/ log(z — t)P,(t)dt = / ( o1 dt
! 2n | o

Cauchy/Stieltjes transtorm

of
welghted Jacobi/Ultraspherical polynomials




ds

. . L w(Opa()
Consider Cauchy transforms of weighted OPs gq,(z2) := :
. 2=

1 )
= [ puars [ 2080,
- / : w(t)dtdno / 1 tpnz(tzzz(t) dt



Classic observation: since OPs satisty 3-term recurrence

00 ¢) — aopo(z) + bopi(z)
TPn(T) = Cn—1Pn—1(T) + anpn(x) + bypn(x)

Then so do their weighted Cauchy transforms (w/ RHS)

S = / w(t)dt + apqo(2) + b,q1(2)

—1
ZQn(Z) e Cn—lQn—l(Z) 3 anq"n,(z) 8 ann—|—1(2>

1
L qn(z) 0 J W(t)pn(t) dt

i 7ol



Gives simple 3-term recurrence for Log Kernel of Legendre:

zLo(z) = —Lg(2z) + 2L1(2) + 2(z+ 1) log(z +1) — 2
o el Ve 1
1.2 = e = Lip
) el | 1(2) 2n - 1(2)

1
where L (2) := [ log(z — 1P, (1)dt
o1
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Recurrences, two ways

Assume we know

1 qo(2) qo(2)
ap = 2 b() 41 (Z) e f_ll w(t)dt

Forward: Co a b4 galsid 0

e d b q3(2) 0
qo(2)
q1(2)

BVP . a1z 9 g2(2) | =

o ogd 2 by q3(2)




Methods for Backward/BVP/minimal solution

Miller (1952): shooting method
(FWJ.) Olver (1967): adaptive Gaussian elimination

Gautschi (198 1): continued fraction

All 3 break down in computational cost
as z approaches the element [—1,1]




Decay de
Oh how close -

z=0.3

100_\

hends

0 element

z=1.01

10° F
10—5 I \
1070 +

z=3.0

Forward is Forward Is

always stable only stable
for a little brt

z=5.0

Forward IS

never stable




Decay depends
Ol how close to element

z=0.3

100 I ¥ 100 _
1072 | 1072 | \
10710 - 1071 |

z=1.01

z=3.0

—1 1
ldea: combine Forward
using simple error estimate for -
See also Kel

z=5.0

+ Olver’s algorithm
‘orward recurrence to switch

er (1999)



® julia> n = 1000; x = ChebyshevGrid{1}(n); # 1000 Chebyshev points

® julia> @btime log. (3.0 .- x); # evaluate complex log kernel at 1000 quadrature points
36.028 ps (5 allocations: 8.06 KiB)

® julia> @btime complexlogkernel(P[:,1:n], 3.0); # evaluate log kernel of 1000 Legendre polynomials, far from element (Olver's)
1.915 ps (13 allocations: 24.28 KiB)

® julia> @btime complexlogkernel(P[:,1:n], 0.1+0im); # evaluate log kernel of 1000 Legendre polynomials, on element (Forward)
12.845 ps (12 allocations: 32.09 KiB)

® julia> @btime complexlogkernel(P[:,1:n], 1.00001); # evaluate log kernel of 1000 Legendre polynomials, near element (Forward+Olver's)
7.077 ps (12 allocations: 16.41 KiB)

Needs Legendre coefficients

Faster than even quadrature!
SO use (one-off)

_I_

auto-detects “low rank”
(no need for FMM)

fast Legendre transtorm:
Alpert & Rokhlin (1991)

Townsend, Webb & SO (2018)
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» From Cauchy to Log kernel on an interval
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f LO9 kernels on a rectangle
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. Bessel kernels on a rectangle



Instead of

” log [|x — t]|f(t)dt
Q
Write In complex variables

H log|z— (s + 1) | f(s, H)dsdr =R ” log(z — (s + 12))f(s, r)dsdt
Q2

Q

-Xpanding In Legendre reduces to computing

Li(2) := J] log(z — (s + it))Pk(s)Pj(t)dsdt
Q
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Assume k,j > 0

D Log Kernel
1 1

/11 /1 i (s i) Pu(s)Pi(t)dsdi = / 1 il /_1 log(z — it — s) Py (s)dsdt

=) .



Assume k,j > O

/1 /1 log(z — (s +it)) P (s) P; (t)dsdt /1 P;(t) /1 log(z — it — s)Py(s)dsdt

1.1
/ / i Pli 1)( )P;(¢)
dsdt
2k — (s + it)

2D Cauchy/Stieltjes transform

of
welghted Jacobl ® Legendre




Assume k,j > 0

D Log Kernel (not quite)
1 1

/11 /1 e (s 00))F(5)P(t)dsdt = /1 Py (s) /_1 log(z — it — s)P;(t)dtds

=] .



Assume k,j > 0,Rz > 1.

/ : / . L)P.(5)P (1)dsdt /

fRz <1

then extra integral terms
appear, expressible

in terms of Jacobl polynomials,
treated as “forcing’ term In
recurrence

1

—

Py (s) /1 log(z — it — s} P;(T)dids

—

2D Cauchy/Stieltjes transform
of
Legendre ® weighted Jacob
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Assume k,j > 0

z(1 — s? P(ll) Pl
e // kl()J()dt

— (s +it)
(1-s?) P“”( )P5(2) ; 1<1—s>PSP<>P<t>
/ / z — (s +it) det—l_lf_l/_l — (s + it) o

Use Jacobi Use Legendre

3-term recurrence 3-term recurrence

L 5
where L;(z) := J J log(z — (s + it))Pk(S)Pj(t)det
)



THEOREM 3.3. The complex log transform of tensor-product Legendre polynomials
satisfies two “5-point stencil”-like recurrence relations:

k—1 k+ 2 : J 741 (1)
L . p— | . | L F :
2Lk 2k+1 k—1,7 2k+]. k+1]+1(2j+1 k,j—1 2]+1 k.7+1)+ kj (’Z)
k k+1 (7 —1 j+2 (2)
= Lie—1,5 - | Ly, -1 F
where we take L_, j; = Ly _1 =0, for .
P, (Hlog(z — 1r)dt
FO(y) =Mz =D+ Min(z+1) - Mja(e—1) - M (z+1)
0j — :

o + Ae(z — 1) + )\kiz +1) + Bri(2) Pk(t)l()g(z _ l‘)dt
Fy(2) = —4i/3 + Br;(2), Fo2 (2) = Brj(2)

C\ Y (2)/3 — kot + 0r1 /3 2 €0
,BkJ(Z) — 2i7TCJ(-__|_}/2)(SE) 23351»:0 — 251»:1/3 r<—1and —1< Yy < 1.

0 otherwise



SImple expressions
in terms of D
L og Kernel of

Iwo Sylvester equations:

2L = AL(2) +iL(2)B" + FW(2)

L egendre ana
2L = BL(z) + jL(Z)AT 2 F(Q)(z) recurrences
where L = (L3(2)3=0:00,/=0:00 aNd
O 0 1
i 0 /3 0 4

i 0 i

A ,
97 0 37T
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Have two “S-point stencil” equations:

Ak

Can cancel terms w/

Inear combo of recurrences

Zhy; = 1A 5 1y +F ,Ejz)(Z)
-orward: lake linear combination of reC® cs to remove degrees of freedom.
ERO EeXpress g ;Or Ly g Intermsof Ly ;L4 ;g and Ly




Have two “S-point stencil” equations:

Can cancel terms w/

LR e inear combo of recurrences

A ke 1Lt 1.7
Brje-1bx-1,5,
m otk g e

By k1Lt 1.

-orward: lake linear combination of recurrences to remove degrees of freedom.

=g 1o express Ly or Ly . interms of Ly 5 Ly ;g and Ly,

1,/



f(x,y) =cos(2(x-0.5)*exp(y)

Legendre coefficients (log-10 scaled)
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Forward substitution timing:

julia> n = 40; x = ChebyshevGrid{1}(n); # 40 Chebyshev points

julia> z = 1.01 + im/2; # point of evaluation

julia> @btime log.(z .- (x .+ im .x x')); # evaluate kernel at 40”2 quadrature points;
112.513 ps (11 allocations: 25.38 KiB)

julia> @btime logkernelsquare(z, n); # evaluate log kernel of 4072 tensor Legendre polymomials;
59.827 us (40 allocations: 85.62 KiB)

Faster than even quadrature!

But Is It stable!?




Good news! It even works with High-precision (BigHloat)

Bad News... It needs to at high order

Error (log-scaled), z = 0.125 + 0.25im

-rorward
recurrence only
numerically

accurate

for low orders
(p < 40)

-10

-15
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| i 1
We can expand (a la Daan’s talk): ZHé”(ka — ) = 2ﬂJo(ka — t|Dlog ||x — t|| + B(x, t)

real iImag
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Big question: how to do mapped rectangles (kites/quads/etc.)?

In D we can use Change-of-Variable formulae
to compute on mapped intervals (smooth arcs/wedges/etc.):

(i
(i AAe:
[t
Il

N
-
ok
-
N

Can this be extended to 2D!?

Bigger question: 3D



