ABSTRACT
Diffuse optical tomography is an emerging technique for non-invasively measuring in vivo tissue optical properties.
The next generation of DOT time domain imaging systems will allow researchers to create three-dimensional (3D)
images of blood volume and oxygenation with unprecedented spatial resolution. We consider common semi-infinite
and slab geometries, in the Born approximation to the diffusion equation. Current techniques for computing the 3D
time-domain forward problem are computationally intensive: evaluating the required sensitivity matrix involves a
numerical convolution in time. We present analytical results for this convolution, for both absorption and diffusion
3-point Green’s functions. This accelerates calculation by up to two orders of magnitude, while improving accuracy.
Keywords: diffusive optical tomography, forward problem, time domain, Born approximation, sensitivity kernel

Fast computation of the time domain diffusion forward model
for optical tomography in the Born approximation
Jonathan J. Stott
Quan Zhang
Athinoula A. Martinos Center for Biomedical Imaging,
Massachusetts General Hospital, Harvard Medical School,
Charlestown, MA 02129
Alex Barnett
Courant Institute of Mathematical Sciences,
New York University, NY 10012 David A. Boas
Athinoula A. Martinos Center for Biomedical Imaging,
Massachusetts General Hospital, Harvard Medical School,
Charlestown, MA 02129
1. INTRODUCTION
Diffuse optical tomography [DOT] is an emerging technique for non-invasive in vivo medical imaging.1–3 Using
optical fibers, near-infrared laser light is directed into biological tissue. As the light propagates through the tissue it
is scattered many times and exits as a diffuse photon fluence. The intensity of the exiting photons is then measured
using photo-detectors. Working in the diffusion approximation to the radiative transport equation,4 the measured
data can be inverted to provide information about the optical scattering and absorption of the region probed by the
photons. If multiple overlapping measurements are available, tomographic reconstruction techniques can be used to
produce three-dimensional images within a region of interest.5,6
By collecting data at multiple source wavelengths, the experimental optical absorption coefficients can be related
back to the local concentration of oxy- and deoxy-hemoglobin (or, equivalently, to the total hemoglobin concentration
and oxygen saturation). Knowledge of hemoglobin concentration has been used for functional imaging of human
cerebral activity7,2,8,9 and as a tool for locating breast cancer based on the associated tumor vasculature.10,3,1,11
Historically, many (but by no means all) of the original DOT imaging systems used either continuous-wave (CW)
sources or sources amplitude modulated at radio frequencies (RF), typically in the range 70–300 MHz.12–20 These
systems were less complicated to design and usually gave better signal-to-noise performance than the available time
domain imagers, in large part due to their smaller bandwidth requirements.21 Time domain imagers, however, are

able to measure the complete temporal point spread function (TPSF) at each detector, due to each source, with
a temporal resolution varying from less than 10 ps for streak cameras to 200 ps for gated image-intensified CCD
detectors and photon counting systems.22,23 To obtain the same information using a frequency domain imager would
require multiple measurements at source modulation frequencies ranging from the tens of MHz up into the tens
of GHz. It is this abundance of experimental information that makes time domain imagers an attractive imaging
platform.1,24–26
Inverting data from a time domain imager, however, requires evaluating the forward problem,27–29 by which
we mean the TPSF appropriate to each source-detector measurement pair. When the scattering and absorption
coefficients deviate sufficiently small amounts from a homogeneous medium, then a linear approximation can be
used. In this case, evaluating the forward model amounts to finding the sensitivity (Frechét derivative) of the set
of TPSF’s with respect to infinitesimal changes in scattering and absorption at each point (voxel) in space. If the
TPSF is considered as a discrete set of samples in time, then this derivative is expressed as a sensitivity matrix,
or imaging kernel, K. In simple geometries of interest, involving planar tissue-air interfaces, the method of images
can be used. Many situations of medical relevance, such as functional brain imaging, can be well approximated
by such geometries. Then the matrix elements of K are given in the form of analytically-known Green’s functions
for the homogeneous infinite medium. To find each matrix element, the Green’s functions have to be summed over
multiple images. However, because we are working in the time domain, for each matrix element an integration
over intermediate times between the source pulse arrival time and the detection time is required. Because the illconditioned matrix K is subsequently inverted as part of the DOT inverse problem, its accuracy is important. One
way to evaluate the sensitivity matrix K is to work in the frequency domain and Fourier transform to get the time
domain result, but this requires computing a large number of frequencies. For example, our time domain imager uses
a source laser with a pulse rate of 80 MHz (period T = 12.5 ns). To calculate the forward problem with a temporal
resolution of ∆t = 100 ps (on the same order of magnitude as our detector gate) therefore requires computing the
forward problem at approximately T /∆t = 125 different frequencies.
The traditional alternative, namely computing K directly in the time domain via numerical integration over
intermediate times, is also computationally demanding. As we show in Section 4.3, the rapid changes of the integrand
over short timescales means that short time-steps, hence many function evaluations (of order 104 ) are required to
perform numerical time integration to reasonable accuracy.
In this paper we present an exact analytical technique which treats the integral over intermediate times as a
convolution and uses the Faltung (convolution) theorem. This results in formulas (27) and (30) for the time-domain
3-point Green’s functions in a homogeneous infinite medium. These formulate involve no integration, and require
very little computational effort beyond that of finding the usual (2-point) Green’s function. The matrix elements of

K are then built by summing over the required image charges. In favorable experimental geometries, where few or
no image charges are needed, we have thus reduced our calculation times more than 100-fold.
In Section 2 we outline the theory of the DOT forward problem in the Born approximation, and present Green’s
function results in an infinite medium, a semi-infinite medium, and an infinite slab. We define the sensitivity matrix
and sketch its use in the DOT inverse problem. Section 4 presents our main analytical results, their use for calculation
of the sensitivity matrix, and compares the speed of our approach with that of the traditional one in practical test
cases. We discuss some further issues and conclude in Section 5. Appendix A contains a derivation of the frequency
domain 2-point Green’s function.

2. THEORETICAL BACKGROUND
Photon migration in a highly scattering and weakly absorbing medium is accurately described by the diffusion
approximation to the radiative transport equation4
1
1 ∂
φ(r, t) = S0 (r, t)
− ∇ · [D(r)∇φ(r, t)] + µa (r)φ(r, t) +
v
v ∂t

(1)

where φ is the fluence (proportional to the photon density), D is the diffusion coefficient, µa is the absorption
coefficient (inverse absorption length), v is the local speed of light v = c/n, and S0 is some distribution of isotropic
point sources. The diffusion coefficient is normally written in terms of the reduced scattering coefficient µ0s as
follows30,31
D=

v
v
≈
.
3 (µ0s + µa )
3µ0s

The signal measured at the detector is proportional to the fluence at the boundary.27,32

2.1. Two-point Green’s function
In an optically-homogeneously medium, of general shape (geometry), the 2-point Green’s function Ggen (r0 , r; t0 − t)
is defined by
1
1 ∂ gen
− ∇0 · [D∇0 Ggen ] + µa Ggen +
G
= δ(r0 − r)δ(t0 − t),
v
v ∂t0

(2)

and satisfies any boundary conditions (as a function of both r0 and r) that define the medium geometry. In other
words, viewed as a function of primed coordinates, it gives the solution to (1) due to a unit-strength impulsive source
S0 which has location r and injection time t. In our notation we will use unprimed coordinates to denote a source
injection (initial) location and time, and primed coordinates for a detection (final) location and time.
In an infinite optically-homogeneous medium, (2) takes the well-known analytic form27,33
!
2
Θ(t0 − t)
|r0 − r|
0
0
0
G(r − r, t − t) =
exp −
− vµa (t − t)
3/2
4D (t0 − t)
[4πD(t0 − t)]

(3)

where Θ(t) is the Heaviside step function

 1, t0 − t ≥ 0
Θ(t0 − t) =
 0 otherwise
which serves to enforce causality (although the Green’s function is still non-causal in a sense, since it allows signals
to propagate faster than the speed of light). As is common in the literature, we will sometimes refer to (3) as the
‘free-space’ Green’s function. Due to translational invariance of infinite space, the free-space Green’s function G
(unlike Ggen ) depends only on the interval between the initial point (unprimed) and the final point (primed), hence
we used the notation G(r0 , r; t0 − t) = G(r0 − r, t0 − t). Isotropy of space is responsible for the fact that G only
depends on radial distance, for instance we can write G(|r0 − r|, t0 − t); we will sometimes use this form for clarity.
Due to invariance in time, both G and Ggen depend only on the time difference (t0 − t) in terms of which the TPSF
is expressed.

2.2. Three-point Green’s functions
Consider the homogeneous medium of general geometry. We now optically perturb the medium by δµa (r00 ) in
absorption coefficient and δD(r00 ) in diffusion coefficient. These are arbitrary functions of a spatial coordinate r00 .
(They are assumed constant in time on typical photon transit timescales). We use φmeas (r0 , r; t0 − t) to denote the
resulting solution to (1), written as a function of primed coordinates, due to the unit-strength impulsive source at
location r and release time t. In the first-order Born approximation, φmeas is written as a sum of the incident fluence
φinc due to the homogeneous medium, and the fluence φsc scattered off of the various inhomogeneities in the volume,
φmeas (r0 , r; t0 − t) = φinc (r0 , r; t0 − t) + φsc (r0 , r; t0 − t).

(4)

The first-order Born approximation is that φsc is a linear functional of δµa (r00 ) and δD(r00 ). This is exact in the limit
that the optical perturbations become infinitesimally small. For larger perturbations, this becomes the first term in
a Dyson series.34
In a general geometry we have simply
φinc (r0 , r; t0 − t) = Ggen (r0 , r; t0 − t).
The scattered fluence can be written as a volume integral of the perturbation,
Z
φsc (r0 , r; t, t0 ) =
d3 r00 K̃agen (r0 , r00 , r; t0 − t)δµa (r00 )
V
Z
+
d3 r00 K̃dgen (r0 , r00 , r; t0 − t)δD(r00 ).

(5)

(6)

V

The time-integrated 3-point Green’s functions, or imaging kernels, K̃agen and K̃dgen correspond to sensitivity to
absorption and diffusion coefficient changes respectively. Due to the general geometry, they are functions of the three
locations r0 , r, and r00 , and of the time-difference (t0 − t).

The time-integration in question is over t00 , the time of the ‘scattering interaction event’, that is
=

Z

− t) =

Z

K̃agen (r0 , r00 , r; t0 − t)

t0

dt00 Kagen (r0 , r00 , r; t0 − t00 , t00 − t),

t

K̃dgen (r0 , r00 , r; t0

t

t0

dt00 Kdgen (r0 , r00 , r; t0 − t00 , t00 − t).

(7)

Our goal in this paper is evaluation of these time-integrations: we will be able to perform them analytically in certain
geometries.
The kernels Ka and Kd are well-known and are given in terms of the 2-point Green’s functions for the geometry
in question;35,5,30 we give the final results. The absorption kernel is
Kagen (r0 , r00 , r; t0 − t00 , t00 − t) = −Ggen (r0 , r00 ; t0 − t00 ) Ggen (r00 , r; t00 − t).

(8)

The diffusion kernel is
Kdgen (r0 , r00 , r; t0 − t00 , t00 − t) =

1 0 gen 0 00 0
∇ G (r , r ; t − t00 ) · ∇00 Ggen (r00 , r; t00 − t).
v

(9)

where ∇0 is the gradient with respect to the spatial argument r0 and ∇00 is the gradient with respect to r00 .
Specializing to the infinite medium case, φinc is given by (5) with the substitution of G for Ggen . As special cases
of (8) and (9), the free-space absorption kernel is
Ka (r0 − r00 , r00 − r; t0 − t00 , t00 − t) = −G(r0 − r00 , t0 − t00 ) G(r00 − r, t00 − t),

(10)

and the free-space diffusion kernel is
Kd (r0 − r00 , r00 − r; t0 − t00 , t00 − t) =

1
∇G(r0 − r00 , t0 − t00 ) · ∇G(r00 − r, t00 − t),
v

(11)

where ∇ is the gradient vector with respect to the spatial argument.

2.3. Semi-infinite and slab geometries
Two common analytically-tractable geometries of experimental relevance are the semi-infinite geometry and the
infinite slab geometry (Figure 1b,c). Both of these can be solved using the method of images.36 The air-tissue
interface(s) are assumed to be parallel to the xy plane: at z = 0 for the semi-infinite case, and with a second interface
at z = L for the slab (where L is the thickness of the slab). A Dirichlet boundary condition φ(z) = 0 is satisfied
at some distance zb outside each air-tissue interface. This is known as the extrapolated boundary condition.32,27
The exact value of zb is calculated from the Fresnel reflection coefficients;32 typically zb ≈ 1.96/µ0s for tissue of
refractive index n ≈ 1.4. In non-invasive imaging, source fibers terminate at the air-tissue interface. These sources
are normally modeled by replacing the fiber (which assuming a low numerical aperture creates approximately an

exponentially-decaying line source) with a uniformly radiating point source located one reduced scattering length
inside the medium.27
The method of images allows us to write for the semi-infinite geometry
Gsemi (r0 , r; t0 − t) = G(r0 − r0 ; t0 − t) − G(r0 − r1 ; t0 − t)

(12)

where r0 = r and its image r1 is generated from r by subtracting its z-coordinate from zb (see Figure 1b). Here the
total number of images is I = 2. For the infinite slab geometry
(I−1)/2

Gslab (r0 , r; t0 − t) =

X

(−1)i G(r0 − ri ; t0 − t),

(13)

i=−(I−1)/2

where I is the (odd) total number of charges summed, and the exact answer is reached in the limit I → ∞. The
locations ri are given by the images of r due to multiple reflections in the extrapolated Dirichlet planes (see Figure 1c).
In practice, though, the sum can be truncated to a modest I with high accuracy.27,32 The number is modest due to
the fact that the Gaussian form (3) has exponential tails in space. An estimate for I, given a relative truncation
error , is37
I ≈

4p
DTmax log(1/),
L

where Tmax is the largest TPSF time (t0 − t) of interest (typically several ns) and L is the thickness of the slab. We
find in typical biomedical applications, given  ∼ 10−6 , that I rarely exceeds 10.
For the semi-infinite medium, substituting (12) into (8), using the spatial inversion symmetry of G, and regrouping
via (10) gives
Kasemi (r0 , r00 , r; t0 − t00 , t00 − t)
= Ka (r00 − r00 , r00 − r0 ; t0 − t00 , t00 − t) − Ka (r01 − r00 , r00 − r0 ; t0 − t00 , t00 − t)
−Ka (r00 − r00 , r00 − r1 ; t0 − t00 , t00 − t) + Ka (r01 − r00 , r00 − r1 ; t0 − t00 , t00 − t).

(14)

The expression for Kdsemi is of identical form (replacing a by s).
For the slab, substituting (13) in a similar fashion gives
Kaslab (r0 , r00 , r; t0 − t00 , t00 − t) =

(I−1)/2

(I−1)/2

X

X

(−1)i+j Ka (r0i − r00 , r00 − rj ; t0 − t00 , t00 − t).

(15)

i=−(I−1)/2 j=−(I−1)/2

Again the expression for Kdslab is of identical form.
Writing the 3-point Green’s functions in the semi-infinite and slab geometries in terms of their free-space counterparts results in a double sum over image charges (one sum for each Green’s function). Figure 1 shows these
geometries, and arrangements of image charges that are required to compute the 3-point Green’s functions. Note

that the choice to sum over source and detector images was arbitrary: it is equally-well possible to represent the
2-point Green’s functions using sums over r00 , in which case the 3-point result will be a double sum over images of
r00 . The requirement of a double sum cannot be changed.

2.4. Sensitivity matrix and the DOT linear inverse problem
A DOT system with a number S of sources, a number D of detectors, and a number M of time samples of the
TPSF, produces a complete measurement vector y of dimension M = SDM , Each component m = 1, 2, . . . M has
associated with it a source location Rm , a detector location R0m , and a time-of-flight Tm = t0 − t. The measurement
vector is thus defined by
ym = φmeas (R0m , Rm ; Tm ).

(16)

We assume N voxels in the imaging volume, each with an unknown δµa and δD, thus there are N = 2N degrees of
freedom in the inverse problem. We call this unknown vector of optical coefficient perturbations x. Each component
n = 1, 2, . . . N has associated with it a centroid location of a voxel, R00n , and a label ln = {a, d} describing whether
the degree of freedom is an absorption or diffusion perturbation.
The (rectangular M by N ) sensitivity matrix K is then defined by
Kmn ≡

∂ym
= K̃lgen
(R0m , R00n , Rm ; Tm ),
n
∂xn

(17)

where the second equality results from (6) and (4) substituted into (16).
The utility of K for time-resolved DOT is as follows. Given a known perturbation x, the corresponding fluence
y, in the linear approximation, would be given by
y = y(0) + Kx,

(18)

(0)

where the unperturbed measurements are ym = φinc (R0m , Rm ; Tm ). Given a real-world measurement vector y, this
linear relation can be inverted to give the optical perturbations
x = K−1 (y − y(0) ).

(19)

Generally K is ill-conditioned or singular, so in practice K−1 must be replaced by a regularized pseudo-inverse K+
for actual calculations.30 The reference signal vector y(0) can be either calculated or measured from a homogeneous
phantom.

3. ANALYTIC FORM FOR FREE-SPACE TIME-INTEGRATED KERNELS
We now present our main result: the free-space equivalents of (7) can be found analytically. We will use the
abbreviations p ≡ |p| and q ≡ |q|, with
p ≡ r00 − r,

q ≡ r0 − r00 .

(20)

The desired kernels are the time-integrals of (10) and (11), in our new notation,
Z t0
K̃a (q, p; t0 − t) =
dt00 Ka (q, p; t0 − t00 , t00 − t),
t
0

K̃d (q, p; t − t)

Z

=

t0

dt00 Kd (q, p; t0 − t00 , t00 − t).

(21)

t

As a preliminary we derive the free-space frequency domain 2-point Green’s function G(r0 − r; ω), by substituting
its inverse Fourier transform
0

Z

0

G(r − r, t − t) =

∞

−∞

dω
exp (−iω(t0 − t)) G(r0 − r, ω)
2π

(22)

into the free-space version of (2). This gives
G(r0 − r; ω) =

exp (−k(ω) |r0 − r|)
4πD |r0 − r|

(23)

where the complex spatial decay constant obeys
k(ω)2 =

vµa − iω
.
D

An alternative derivation is to Fourier transform the free-space time domain Green’s function (3) directly (Appendix A).

3.1. Absorption kernel
First we tackle the absorption kernel. Substitution of (10) into (21), and writing in terms of scalars q, p, gives
Z t0
0
dt00 G(q, t0 − t00 )G(p, t00 − t)
K̃a (q, p, t − t) = −
t

= −

Z

t0

dt00

Z

t

∞

−∞

dω 0
2π

∞

Z

−∞

dω
exp (−iω 0 (t0 − t00 )) G(q, ω 0 ) exp (−iω(t00 − t)) G(p, ω),
2π

(24)

where in the latter step we substituted (22). Due to the Heaviside step function in the time domain Green’s function
the limits of integration in dt00 can be changed from [t, t0 ] to [−∞, ∞] since the integrand is everywhere zero except
for t ≤ t00 ≤ t0 . The integral over t00 now can be evaluated to yield the Dirac delta function δ(ω − ω 0 ), making the
integral over ω 0 trivial. These steps are familiar from the standard proof of the convolution theorem. What we’re
left with is
K̃a (q, p; t0 − t) =

Z

∞

−∞

dω
exp (−k(ω)p) exp (−k(ω)q)
exp (−iω(t0 − t))
.
2π
4πDp
4πDq

(25)

Remarkably, since the two ω’s, and hence the two k(ω)’s, are now identical, when we combine the exponents, the result
has the functional form of a single frequency domain Green’s function with a modified radial distance, G(q + p, ω),
multiplied by a geometrical constant:
K̃a (q, p; t0 − t) =

q+p
4πDqp

Z

∞

−∞

dω
exp [−k(ω) (q + p)]
exp (−iω(t0 − t))
.
2π
4πD (q + p)

(26)

It is this feature which allows a simple inverse Fourier transform back to the time domain. To make this explicit, by
comparing the above to (23) and (22) we can write
K̃a (q, p; t0 − t) =

1
4πD



1 1
+
q
p



G(q + p, t0 − t),

(27)

completing our derivation.

3.2. Diffusion kernel
Now we tackle the diffusion kernel. Substitution of (11) into (21), and then using (22) gives
Z 0
1 t 00
K̃d (q, p; t − t) =
dt ∇G(q, t0 − t00 ) · ∇G(p, t00 − t)
v t
Z 0
Z
Z
1 t 00 ∞ dω 0 ∞ dω
=
dt
exp (−iω 0 (t0 − t00 )) exp (−iω(t00 − t)) ∇G(q, ω 0 ) · ∇G(p, ω).
v t
2π
2π
−∞
−∞
0

Since the integrals are over time and frequency and the derivatives are in space, they commute and we can exchange
the order of operations. Looking at (24), we can recognize the expression inside the integral is the same as the one
for K̃a , allowing us to write
1
K̃d (q, p; t0 − t) = − (∇q · ∇p ) K̃a (q, p; t0 − t).
v

(28)

Note that for the purposes of this derivation, q and p are independent variables, so the order of derivatives is
immaterial. Because each 2-point free-space Green’s function is a function only of scalar distance, we can make the
substitutions,
∇q → q̂

∂
,
∂q

∇p → p̂

∂
,
∂p

(29)

where the unit vectors are q̂ ≡ q/q and p̂ ≡ p/p. We also substitute our analytic absorption kernel (27) to give,
K̃d (q, p; t0 − t) = −

q̂ · p̂ ∂ 2
4πDv ∂q∂p



1 1
+
q
p




G(q + p, t0 − t)

Finally the spatial derivatives can be taken using the form (3) of the free-space time domain 2-point Green’s function,
to give
q̂ · p̂
K̃d (q, p; t − t) =
8πD2 v(t0 − t)
0



1 1
+
q
p



(q + p)2
1−
G(q + p, t0 − t),
2D(t0 − t)

(30)

completing our derivation. The ability to transform back to the time domain before the spatial derivatives are taken
is the key to the simple analytic form.

4. EVALUATING THE FORWARD SENSITIVITY MATRIX
We see from (17) that computing each element of the dense matrix K requires evaluation of one of the time-integrated
kernels (7), either the absorption or the diffusion kernel. The number of matrix elements required is MN = 2SDM N .

A small-scale DOT imaging application may have S ∼ 10, D ∼ 10, M ∼ 10, N ∼ 103 , giving MN ∼ 106 matrix
elements. The large-scale imaging applications we’re interested in often have S ∼ 100, D ∼ 100, M ∼ 10, and
N ∼ 104 , giving MN > 109 . The notation of (7) implies a general geometry. Clearly for a particular choice of
geometry, the kernels Ka and Kd appropriate for this geometry should be substituted as the integrands of (7).

4.1. Traditional numerical integration
When evaluating a time-integrated kernel (7) the traditional approach is to use numerical integration, requiring
samples of the integrand at various t00 in the range t to t0 . Each sample is found using the expression (8) or (9). Each
geometry-dependent 2-point Green’s function Ggen is calculated using (12) for the semi-infinite case, or (13) for the
slab case. This choice is the most efficient since the results of two single sums over image charges are then multiplied
together, and no double sum is necessary. If W is the number of time samples, and I the number of image charges,
then the total number P of evaluations of the function G required to fill the K matrix is
P = 2MN IW,

(31)

where the factor 2 came from the fact that two 2-point Green’s functions are required. This determines our numerical effort. In practice, the evaluation of the exponential function dominates the computational cost. For a slab
geometry with I ∼ 10, W ∼ 100, in the large-scale example above, this gives P ∼ 1012 evaluations, clearly a heavy
computational load requiring hours to days of CPU time.
What determines the accuracy and number of samples W required for the numerical integration? Unfortunately
the integrand can vary rapidly over timescales much shorter that the integration domain t0 − t. Looking at (3) we
can see that this occurs when distances involved in the 2-point Green’s functions are small, for instance if a source
and detector are physically close, or any optode and a voxel. Simple integration techniques like the trapezoid rule
and Simpson’s rule can be used,38,39 but the integrals must be evaluated using small time steps ∆T if an accurate
answer is to be obtained. We illustrate this with Figure 2, where we show convergence of the relative error obtained
on a single matrix element, using the trapezoid rule. The expected O(∆T 2 ) convergence is clear, and a small ∆T is
needed to reach an acceptable error. Therefore a large W typically of the order of 103 –104 is needed. In Figure 3 we
show these relative errors as a function of time of flight T , for a single source, single detector, and a variety of voxel
locations, at ∆T = 10 ps.
To improve the efficiency, Gaussian quadrature38,39 or more sophisticated adaptive integration routines can be
used. In Figure 4 we show the relative errors as a function of time, using the Quadpack qags routine,40 (a GaussKronrod 21-point integration routine combined with an adaptive subdivision algorithm) to perform the numerical
integration. Errors are constitently lower than with our trapezoid example, and only W = 102 –103 samples are

required. We believe that W cannot be reduced much below this lower bound of W ≈ 100 without unacceptably
sacrificing accuracy.

4.2. Fast analytic method
Our proposed new method is to use the double sum expressions for the 3-point Green’s function in a given geometry,
and substitute them into (7). To be explicit, for the semi-infinite case, the absorption kernel (14) (and the identical
corresponding form for the diffusion kernel) should be used. For the infinite slab case, the absorption kernel (15)
(and again the same corresponding form for the diffusion kernel) should be used. Since (7) is then in the form of
a sum of free-space 3-point Green’s functions, the integration over t00 can be performed analytically by substituting
our results (27) or (30).
Thus the total required number of G evaluations is
P = MN I 2 .

(32)

Comparing this to the traditional method, we see it is faster by a factor 2W/I. In the next section we will see this
speed gain in practice. It has the further advantage that no additional numerical errors are introduced, beyond those
already present in the truncation of the image charge sum in slab geometries. As explained in Section 2.3, the image
charge sum is exponentially convergent, hence the whole method can achieve guaranteed high accuracy for K.

4.3. Results
We implemented both the traditional numerical integration method, an adaptive integration method, and the proposed analytic method as part of our existing Born approximation forward solver package. The results comparing the
adaptive algorithm and our new analytical method are summarized in Table 1. The traditional numerical implementation (trapezoid rule with ∆T = 10 ps) are not given in the table; typically they were an order of magnitude slower
than the adaptive algorithm. We see that the improvements in speed in the infinite and semi-infinite geometries
are dramatic, because I is 1 or 2 in these cases. Assuming that our program spends most of its time evaluating
the Green’s function, this means that the speed factor is essentially W , which is of order 102 in this case. The
improvement in the infinite slab geometry is more modest, because the larger I means we start to pay the price of
the I 2 terms in the double sum.
The veracity of the expressions we have derived has been checked numerically: the results obtained are indistinguishable (to within a precision of better than six decimal places) from those obtained by the traditional method
when high-quality adaptive integration routines are used (Figure 4).

5. DISCUSSION AND CONCLUSIONS
The essence of our approach has been to sacrifice the single sums over image charges needed to compute Ggen in place
of a double sum, and in exchange reap the benefit of performing the integration over intermediate times analytically.
The double sum is unavoidable, because our analytic result applies to the free-space 3-point Green’s function, and
a double sum is needed to construct a 3-point Green’s function in a certain geometry from free-space results using
the method of images. Our method is applicable to any geometry for which the method of images is useful and any
geometry where the convolution can be evaluated analytically.
It is possible that careful Gaussian quadrature or adaptive integration could reduce the typical W required in the
traditional approach, rendering it competitive with our new proposal. However, our results in this paper indicate that
unless a large number of image charges are needed, then the analytic results we present should always be preferable
for their speed and accuracy. Because K is ill-conditioned, accuracy well below any measurement noise levels is
crucial for the DOT inverse problem. Other than the exponentially-convergent image charge truncation, our method
is exact.
In conclusion, we have presented a novel technique for computing the time domain forward DOT problem, in
the Born approximation, in geometries that can be treated with the method of images. The computation of the
sensitivity matrix is a time-consuming task when many voxels and measurements are involved. By applying the
convolution theorem, we have found simple analytic expressions for the integral over intermediate times of the freespace 3-point Green’s functions, in the case of both absorption- and diffusion-type perturbations. Sensitivity matrix
elements are then built from these results using the method of images. The method is of order W/I times faster
than the traditional numerical integration over W time-steps, when I images are involved. Furthermore, it is exact.
Computation times in example tests are improved up to 100-fold, depending on the geometry of the problem (see
Table 1). In DOT experiments where the use of analytically solvable geometries is justified (for example, many
functional brain imaging experiments), these improvements are indisputably beneficial.

APPENDIX A. FREQUENCY DOMAIN GREEN’S FUNCTION
In this appendix, we would like to show that the Green’s function for the frequency domain diffusion equation (23) is
equal to the Fourier transform of the time domain Green’s function (3). We begin by writing the Fourier transform
of the time domain Green’s function (3)
G(r, ω)

=

Z

∞

Z

∞

dt exp (iωt) G(r, t)

−∞

=

−∞

exp
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.

Making the change of variables
(vµa − iω)/D

s =
t0 − tu

= Dt,

we end up with an expression that has the form of a Laplace transform
G(r, ω)
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(33)

Looking in a table of Laplace transforms,41 we find
L



k
√
exp
2 πt3



−k 2
4t



√ 
= exp −k s

and so taking the Laplace transform (33) leaves us with
√
exp (− sr)
G(r, ω) =
.
4πDr
What we previously called k(ω), however, is nothing more than
G(r, ω) =

√

s=

p
(cµa − iω)/D so

exp (−k(ω)r)
4πDr

which is the Green’s function (23) for the frequency domain diffusion equation. The derivation from frequency
domain to time domain proceeds in the same way with the Heaviside step function Θ(t) implicit in the definition of
the inverse Laplace transform.
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Geometry

Analytic

Numeric

Ratio

Infinite

0.037 sec

4.58 sec

124:1

Semi-Infinite

0.104 sec

10.92 sec

105:1

Infinite Slab

2.065 sec

37.55 sec

18:1

Table 1. CPU time required to evaluate a forward sensitivity matrix K using our analytical formulation (“Analytic”)
compared with a direct numerical integration (“Numeric”). The numeric integration was performed using an adaptive
integration algorithm; times for the trapezoid rule with ∆t = 10 ps were roughly an order of magnitude larger. The
ratio column gives the ratio of the two CPU times (i.e., the speed-up provided by our algorithm). For this test we
used S = 1, D = 4, M = 250, N = 5. For slab geometries, the code chooses I automatically to satisfy an acceptable
error requirement; typically I ≈ 6. Similarly, W is typically in the range W ≈ 100–200. The optical properties we
used were n = 1.4, µ0s = 8.0 cm−1 , µa = 0.05 cm−1 , and the thickness of the slab was 5 cm.

Figure 1. Diagrammatic representation of the 3-point Green’s function in the three geometries of interest. The
infinite medium case a) represents the free-space 3-point Green’s function, composed of 2-point free-space Green’s
functions from r to r00 , and r00 to r0 . Interaction with the inhomogeneity happens at r00 . In case b) each 2-point
Green’s function requires 2 terms (source S and detector D each require an image charge), giving a sum of 4 free-space
3-point functions. In case c) each 2-point Green’s function has I terms (here I = 5), giving a sum of I 2 free-space
3-point functions. The dashed line shows the presence of an extrapolated boundary condition. Dash-dotted lines
show its mirror images. A closed circle is a positive image charge, an open circle negative.

Figure 2. Error  in the calculation of a representative element of the forward sensitivity matrix K as a function
of the numerical time-integration step size ∆T . A simple trapezoidal rule is used. Circles mark the points at which
the error was computed numerically, the solid line is a fit to the data. From the fit, we verified that the error is
proportional to ∆T 2 :  = 1.375 × 10−7 ∆T 2 where ∆T is specified in picoseconds.

Figure 3. Magnitude of the relative difference between five sample TPSF’s, when the time integrals for each time
point are evaluated using trapezoid rule and an adaptive integration routine. The geometry was: one source at
(0, 0, 0), one detector at (4, 0, 0), five voxels located between (1.5, 1.0, 0.5) and (1.5, 1.0, 4.5) in increments of 1 in
a semi-infinite geometry (drawn as a solid line, dashed line, dotted line, dash-dotted line, and a fine solid line,
respectively). All distance units are in cm. The time stepping used was h = 10 ps. Deviations of order 1% occur
at early times, falling to a slowly-varying magnitude at late times. The “spikes” visible throughout the plots are
artifacts of the log-scale and occur whenever the relative error changes sign.

Figure 4. Magnitude of the relative difference between five sample TPSF’s, when the time integrals for each time
point are evaluated using an adaptive integration routine and our analytical expression. The accuracy of the adaptive
algorithm can be controlled by setting an error bound. The relative error bound we used to generate this data was
10−4 . The geometry was the same as that of Figure 3. The different line styles also represent the same distances as
in Figure 3.

