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1. (a) (follows NA lemma 9.16) From NA lemma 9.14, we know that if {zo, ..., z,} are gaussian
nodes on [a,b], then g1 = [[;_,(x — x;) is orthogonal to all p € P, on [a,b]. Now,
suppose that not all nodes are simple. Then let {y1,...,yn} be the set of all points
for which g, changes sign. Since not all nodes are simple, m < n. We can construct a

polynomial r,,, = [["(z — y;) which is of order m < n, thus, 7, € Pp_1 and ¢, L rp,.
b
Because of orthogonality, we expect pnTmdz = 0, but because of the way we have

a
chosen r,,, the product never changes sign. Since neither function is 0, we know that
the integral is non-zero. This leads to a contradiction. Thus, the polynomial p, that
defines the gaussian nodes is non-simple.

b b
||K||3 = max / dt(/ dsk(t, s)u(s))?

[[ul[2=1
b
< max / dt||k(t)||5. - [|u])3 Cauchy-Schwarz
llull2=1 Jq :
b
< [Caikol, since [[ullz = 1
a
< ||k]|3 2-norm on [a, b]?

2. Solve analytically:
1
u(t) +/ tsdu(s)ds = 1, for t € [0,1]
0

Since the range of the integral operator is ¢, we know that u(¢) will be of the form 1 + Ct,
C eR.

1
(1+Ct)+t/ 314 Cs)ds =1
0

0
c=3-%
o=
Thus,
u(t) =1— 2t
24

The operator is compact since it has a continuous kernel (NA Thm 12.4)
By NA Thm 12.5, the infinity-norm for this operator is given by

1
1Kloe = gmax /0 k(t, 9)\ds

The integral evaluates to t/4 which has a max of 1/4 at ¢t = 1. Thus ||K||cc = 1/4.



3.

(a) code: nystrom.m
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above: convergence for gaussian scheme for n+1 nodes

For error< 107°, n=3 for gausssian quadrature, and n ~ 10° for periodic trapezoid
quadrature (extrapolating from plot). Convergence is exponential for gaussian quadra-
ture (straight on a semilogy plot). This is the same as convergence for the quadrature
scheme (see hw.3). Convergence is algebraic for periodic trapezoid quadrature (straight
on a loglog plot). This is same as convergence for the quadrature scheme (see hw.3).

For the system Az = b, in this problem A = (I — K) is an N x N matrix. The kernel,
k(t,s) = e!* is between 1 and e on [0,1]?, so the entries of the K matrix are bounded
between 1 and e multiplied by the weights of the functions, which go to 0 as n increases.
So, as IV increases, I — K approaches I. Thus, the condition number of the matrix tends


http://www.dartmouth.edu/~bradnelson/assignments/hw4/nystrom.m

to 1.

x107° error for gaussian quad, n=5

Error of interpolated solution for N=>5 for Gauss nodes. Error at nodes in horizontal
lines.

Sup norm of error is greater than max error at gauss nodes (at far right). Not as assumed
in part (a).
2m
(a) let Ku = / (1/27)k(t—s)u(s)ds be a periodic convolution operator with a 27 periodic
0

kernel. Let u = €™ m € Z.

1 2m )
Ku(t) = 27r/0 E(t — s)e"™%ds

1 2m—t )
= — k(z)e™ ) dg r=t—s

21 Jo—t

.1 fm .
= elmtﬂ / k(z)e ™" since functions are 27 periodic, no ¢ in bounds
0

imt - . . o 2 —
Thus, e is an eigenfunction of K, with eigenvalue i o k(x)eime

(b) Consider Ku = f. Now, write k,u, and f as Fourier series.
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. . 1 2
Z knupe™ = Z fre'*® by orthonormality of2— / e ntetmt gy
nez keZ TJo

Thus, we see that k,u, = f, Vn € Z



(c) |IK]||2 = Hnﬁaxl ||[Kul||. Since the Fourier basis is complete, > u2 = 1, and the largest
ullo=
that any w, can be is 1. Using the result from part (b) that in the Fourier basis,

Ku=73, 7 knune™, and ||e™||y = V27, we see that ||K||2 = max v/27|ky|.

(d) The condition number of Ku = f goes to infinity since K ! sets u, = f/kn, and k, — 0
as n — oo. The condition number of u — Ku = f is max{|ﬁ|, [1—k,|}

5. Fundamental solution to Laplace Equation: ®(x,y) = (1/2m)in(1/|z —y|)

(a) see laplacefs.m for code

(b) see lapfsplot.m for code
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contour plot for 9®/dn,, y = (0.5,-0.2), n, = (1/2,v/3/2), z € [-1,1]%
contour intervals are 0 (diagonal), and intervals between +1075 to £102
logarithmically spaced. Values below diagonal are positive (— red), above diagonal are
negative (— blue). Note singularity at x=y.


http://www.dartmouth.edu/~bradnelson/assignments/hw4/laplacefs.m
http://www.dartmouth.edu/~bradnelson/assignments/hw4/lapfsplot.m

