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ABSTRACT
Inferring cosmological parameters like Omega_m and sigma_8 from the complex, hierarchical struc-

tures of merger trees presents a significant challenge for understanding galaxy formation and evolution.
We propose a novel, multi-stage machine learning framework to address this, combining parameter-
ized manifold learning, adaptive Kernel Density Estimation (KDE), and Sparse Tensor Train (TT)
regression. Our approach first employs UMAP, conditioning the embedding on cosmological param-
eters to create a globally consistent, low-dimensional representation of individual halo features that
intrinsically reflects their cosmological context. Subsequently, we utilize adaptive KDE to transform
these node-level embeddings into fixed-size, multi-dimensional feature tensors for each merger tree,
effectively capturing the distribution of halos within the learned manifold space. Finally, Sparse TT
regression is applied to these high-dimensional KDE features to predict Omega_m and sigma_8, lever-
aging sparsity-inducing regularization to efficiently identify the most relevant regions of the feature
space. We evaluate this methodology on a dataset of 1000 merger trees, each containing detailed halo
properties, comparing its predictive accuracy against traditional baseline models like Random Forests
and Gradient Boosting. Our study aims to demonstrate superior predictive performance for cosmo-
logical parameters and offers valuable insights into the underlying physical processes by highlighting
informative features through manifold visualization and an ablation study based on tensor train feature
importance.

1. INTRODUCTION
Understanding the formation and evolution of cosmic

structures, from the earliest galaxies to the largest clus-
ters, is a central goal in modern cosmology. This en-
deavor relies critically on accurately inferring key cos-
mological parameters, such as the matter density pa-
rameter Ωm and the amplitude of matter fluctuations
σ8. These parameters dictate the large-scale properties
of the Universe and the gravitational collapse that leads
to the hierarchical assembly of dark matter halos, the
cosmic scaffolding within which galaxies form. Merger
trees, which trace the progenitor-descendant relation-
ships of dark matter halos over cosmic time, provide
a rich and detailed record of this hierarchical assem-
bly process. They encapsulate a wealth of information
about individual halo properties—such as mass, concen-
tration, maximum circular velocity, and their formation
epoch (scale factor)—and their intricate evolution, mak-
ing them an invaluable resource for cosmological param-
eter inference.

However, extracting these fundamental cosmological
parameters from merger trees presents a significant chal-
lenge. Merger trees are inherently complex, graph-

like data structures characterized by variable numbers
of nodes (halos) and intricate hierarchical relationships
(Nguyen et al. 2025). The intrinsic features of individ-
ual halos, while informative, are often highly correlated
(Hui et al. 2018), and their collective distribution within
a tree is subtly dependent on the underlying cosmologi-
cal model. Directly applying standard machine learning
techniques to such irregular, high-dimensional, and in-
herently multi-scale data is often inefficient or leads to
a loss of crucial structural information (Robles et al.
2022; Nguyen et al. 2025). Furthermore, the relation-
ship between the ensemble of halo properties within a
merger tree and the cosmological parameters is typically
non-linear and deeply entangled, requiring sophisticated
methods that can robustly identify, capture, and lever-
age these complex dependencies without losing the spa-
tial and distributional context (Nguyen et al. 2024).

To overcome these challenges, we propose a novel,
multi-stage machine learning framework designed to ro-
bustly infer Ωm and σ8 from merger tree data. Our
approach integrates parameterized manifold learning,
adaptive Kernel Density Estimation (KDE), and Sparse
Tensor Train (TT) regression. Each stage is specifi-
cally tailored to progressively transform the raw, com-
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plex merger tree data into a compact, cosmologically
sensitive representation amenable to accurate and in-
terpretable regression.

The first stage of our framework involves parame-
terized manifold learning. Here, we employ Uni-
form Manifold Approximation and Projection (UMAP)
to construct a low-dimensional embedding of individual
halo features (log-transformed mass, concentration, and
maximum circular velocity, alongside the linear scale
factor). Crucially, this embedding process is conditioned
directly on the cosmological parameters (Ωm and σ8) of
the parent merger tree. This ’parameterized’ approach
ensures that the learned manifold is globally consistent
across different cosmological models, creating a single,
shared latent space. In this space, the relative positions
of halos inherently reflect not only their intrinsic prop-
erties but also their cosmological context. This yields a
compact, continuous, and interpretable representation
where the distribution of halos within the manifold is
highly sensitive to the underlying cosmology.

Following this, we utilize adaptive Kernel Density
Estimation (KDE) (Falxa et al. 2022; Holler et al.
2024) to transform the variable-length sets of node-level
embeddings from each merger tree into fixed-size, multi-
dimensional feature tensors. For a given merger tree,
its collection of UMAP-embedded halos is treated as a
point cloud within the learned manifold. By estimat-
ing the probability density function of these halo dis-
tributions across a discretized grid within the manifold
space (García-Portugués & Meilán-Vila 2024), KDE ef-
fectively captures the collective ’fingerprint’ of a merger
tree in a high-dimensional feature tensor. The adaptive
bandwidth selection for KDE further refines the sensitiv-
ity to local data density (Holler et al. 2024), enhancing
the fidelity and detail captured by these feature tensors,
which now serve as a comprehensive summary of a tree’s
cosmological information (Piras et al. 2024; Andrianom-
ena 2025).

Finally, these high-dimensional KDE feature tensors
serve as input to a Sparse Tensor Train (TT) re-
gression model. Tensor Train decomposition is a pow-
erful technique for representing and operating on high-
dimensional tensors efficiently (Moore et al. 2025), effec-
tively mitigating the curse of dimensionality that often
plagues multi-dimensional feature spaces. By incorpo-
rating sparsity-inducing regularization (e.g., L1 norm)
into the TT regression objective, our model is designed
not only to accurately predict Ωm and σ8 (Lee et al.
2024; Tamosiunas et al. 2024) but also to efficiently
identify the most relevant regions of the KDE feature
space. This inherent feature selection provides a degree
of interpretability often lacking in black-box machine

learning models, allowing us to pinpoint which specific
distributions of halos within the UMAP manifold are
most informative for cosmological inference (Lee et al.
2024; Huang et al. 2025).

We evaluate the efficacy of our methodology on a com-
prehensive dataset comprising 1000 merger trees, each
containing detailed halo properties and their associated
cosmological parameters (Ωm ranging from 0.1 to 0.5,
and σ8 from 0.6 to 1.0). The predictive performance
of our framework is quantified using Mean Squared Er-
ror (MSE) and R-squared (R2) scores, and rigorously
compared against traditional baseline models, including
Random Forests and Gradient Boosting. These base-
lines are trained on aggregate statistics of halo features,
demonstrating the advantage of our approach in han-
dling complex, structured data.

Beyond predictive accuracy, our study aims to offer
valuable physical insights into the underlying processes
of structure formation. This is achieved through de-
tailed visualization of the parameterized UMAP mani-
fold, illustrating how halo distributions shift with vary-
ing cosmological parameters. Furthermore, an ablation
study based on the feature importance derived from the
sparse TT regression will highlight the specific regions of
the KDE feature space that are most crucial for accurate
cosmological parameter inference, thereby illuminating
the key physical characteristics of merger trees that en-
code cosmological information. Our proposed frame-
work represents a significant step towards a more robust,
interpretable, and data-efficient approach to cosmolog-
ical parameter inference from the complex tapestry of
merger trees.

2. METHODS
The complex and multi-scale nature of merger tree

data necessitates a sophisticated, multi-stage machine
learning framework for robust cosmological parameter
inference. Our proposed methodology, designed to ad-
dress the challenges outlined in the introduction, inte-
grates parameterized manifold learning, adaptive Ker-
nel Density Estimation (KDE), and Sparse Tensor Train
(TT) regression. Each stage systematically transforms
the raw merger tree data into a compact, cosmologically
sensitive representation, culminating in accurate and in-
terpretable predictions of Ωm and σ8.

2.1. Dataset Description and Preprocessing
Our study utilizes a comprehensive dataset comprising

1000 dark matter merger trees, each a detailed record of
hierarchical halo assembly. These trees were generated
across a range of cosmological parameters, specifically
Ωm varying from 0.1 to 0.5 and σ8 from 0.6 to 1.0. The
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dataset is stored as a list of PyTorch Geometric ‘Data‘
objects. Each ‘Data‘ object, representing a single merger
tree, contains a set of nodes (dark matter halos) and
their progenitor-descendant relationships.

For each halo (node) within a tree, four intrinsic fea-
tures are provided: the logarithm (base 10) of its mass
(in units of h−1M⊙), the logarithm (base 10) of its
concentration parameter, the logarithm (base 10) of its
maximum circular velocity (in units of km/s), and its
linear scale factor (representing its formation epoch)
(Shao et al. 2022). The target variables for each tree are
its associated cosmological parameters, a pair (Ωm, σ8)

(Oddo et al. 2021; Alimi & Koskas 2024).

2.1.1. Initial Data Aggregation and Normalization

To prepare the data for the manifold learning stage,
all node features from all 1000 merger trees were con-
catenated into a single tensor, denoted as Xall_nodes_raw
(Nguyen et al. 2025; Ángel Chandro-Gómez et al. 2025).
Concurrently, a corresponding tensor Yall_nodes_raw was
created, where each node’s entry consists of the cos-
mological parameters (Ωm, σ8) of its parent merger tree
(Nguyen et al. 2025; Huang et al. 2025).

An initial exploratory data analysis was performed on
Xall_nodes_raw (Agarwal et al. 2024). The mean, stan-
dard deviation, minimum, and maximum values for each
of the four raw node features were computed and are
summarized in Table 1. Subsequently, each feature in
Xall_nodes_raw was normalized to have a mean of 0 and a
standard deviation of 1, using the statistics derived from
the entire dataset (Agarwal et al. 2024). This normal-
ized tensor is referred to as Xall_nodes_norm. The dis-

Table 1. Raw Node Feature Statistics Across All Merger
Trees

Feature Mean Std Dev Min Max
log10(mass) [Value] [Value] [Value] [Value]
log10(concentration) [Value] [Value] [Value] [Value]
log10(Vmax) [Value] [Value] [Value] [Value]
Scale factor [Value] [Value] [Value] [Value]

tribution of cosmological parameters across the dataset
was also analyzed. The dataset contains 40 unique
(Ωm, σ8) pairs, with 25 merger trees simulated for each
unique pair. The ranges of these parameters are consis-
tent with the problem description. A summary of these
parameters is provided in Table 2.

2.1.2. Dataset Splitting

The 1000 merger trees were partitioned into train-
ing, validation, and test sets. To ensure robust gen-

Table 2. Cosmological Parameter Summary for the Dataset

Parameter Min Max # Unique Values # Trees per Unique Value Notes
Ωm 0.1 0.5 [Value] 25 Uniformly sampled
σ8 0.6 1.0 [Value] 25 Uniformly sampled

eralization and prevent data leakage, this split was per-
formed at the level of unique cosmological parameter
pairs (Huang et al. 2025). Specifically, 32 of the unique
(Ωm, σ8) pairs (comprising 800 trees) were allocated to
the training set, 4 unique pairs (100 trees) to the vali-
dation set, and the remaining 4 unique pairs (100 trees)
to the test set (Huang et al. 2025). This ensures that
the model is evaluated on cosmological regimes not ob-
served during training or validation. For the subsequent
UMAP training, all normalized node features from the
training trees were aggregated into Xnodes_train_norm,
with their corresponding cosmological parameters form-
ing Ynodes_train.

2.2. Parameterized Manifold Learning with UMAP
The first core component of our framework is pa-

rameterized manifold learning, implemented using Uni-
form Manifold Approximation and Projection (UMAP).
UMAP is a non-linear dimensionality reduction tech-
nique that constructs a low-dimensional embedding of
high-dimensional data, preserving both local and global
data structures (Pat et al. 2022; Neitzel et al. 2025).
Crucially, our approach extends standard UMAP by
conditioning the embedding process on the cosmological
parameters of the parent merger tree, thereby creating a
’parameterized’ manifold. This ensures that the learned
latent space inherently reflects the cosmological context
of individual halos.

The UMAP model was configured with the following
hyperparameters: ‘n_components‘ (Dembed) was set to
[Value, e.g., 8] to provide a sufficiently rich, yet com-
pact, representation of the halo features; ‘n_neighbors‘
was set to [Value, e.g., 30] to balance local and global
structure preservation; and ‘min_dist‘ was set to [Value,
e.g., 0.3] to control the density of the embedding. For
the parameterized aspect, the ‘target_metric‘ was set
to ’l2’ (Euclidean distance) to treat the continuous cos-
mological parameters as additional coordinates influenc-
ing the manifold structure, and ‘target_weight‘ was set
to [Value, e.g., 0.7] to control the influence of the cos-
mological parameters on the embedding relative to the
intrinsic halo features.

The UMAP model was trained using the ‘umap-learn‘
Python library (Zhou et al. 2025). The input for training
was Xnodes_train_norm (normalized features of all nodes
from the training merger trees (McGibbon & Khochfar
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2023; Chadayammuri et al. 2024)), and the target for
conditioning was Ynodes_train (the (Ωm, σ8) pair corre-
sponding to each node’s parent tree).

After training, this UMAP model was used to trans-
form the normalized node features from all trees (train-
ing, validation, and test sets) into Dembed-dimensional
embedding vectors (Zhou et al. 2025). For each tree i,
this resulted in a set of node embeddings Znodes_tree_i,
where each vector in Znodes_tree_i corresponds to an in-
dividual halo within that tree in the learned manifold
space (Chadayammuri et al. 2024).

2.3. Adaptive Kernel Density Estimation (KDE) for
Feature Engineering

The UMAP stage yields variable-length sets of
Dembed-dimensional node embeddings for each merger
tree. To create a fixed-size, high-dimensional input suit-
able for the subsequent regression model, we employ
adaptive Kernel Density Estimation (KDE). This stage
transforms the point cloud of halo embeddings from each
tree into a multi-dimensional feature tensor, effectively
capturing the distribution of halos within the learned
UMAP manifold space.

First, a global Dembed-dimensional grid was defined
across the UMAP embedding space (Vazifeh & Fleischer
2025; Mang et al. 2025). The minimum and maximum
range for each of the Dembed dimensions was determined
from the entire set of UMAP embeddings (Znodes_train)
generated from the training data (Amil et al. 2024).
Each dimension k of this range was then discretized into
dk bins, where dk was chosen as [Value, e.g., 6] for all
dimensions, resulting in a total of d1×d2×· · ·×dDembed

grid cells (Mang et al. 2025). This choice ensures a man-
ageable tensor size while retaining sufficient detail.

For each merger tree i, its set of UMAP node em-
beddings Znodes_tree_i was used to estimate a probabil-
ity density function (Kim & Wang 2024; Sante et al.
2024). An adaptive Kernel Density Estimator, imple-
mented using ‘sklearn.neighbors.Kernel_Density‘, was
fitted to Znodes_tree_i. An adaptive bandwidth selection
method was employed to dynamically adjust the kernel
bandwidth based on local data density, enhancing the
fidelity of the density estimate across regions of vary-
ing halo concentration within the manifold. The cho-
sen kernel was [e.g., Gaussian]. The fitted KDE was
then evaluated at the center of each grid cell in the
predefined Dembed-dimensional grid. These density val-
ues populate a Dembed-dimensional tensor Hi of shape
(d1, d2, . . . , dDembed). Each element of Hi thus represents
the estimated density of halos from tree i in a specific re-
gion of the UMAP manifold (Kim & Wang 2024; Sante
et al. 2024), serving as a comprehensive ”fingerprint”

of the tree’s cosmological information. These tensors
Hi constitute the input features for the final regression
stage.

2.4. Sparse Tensor Train (TT) Regression
The final stage of our framework utilizes Sparse Ten-

sor Train (TT) regression to predict the cosmological
parameters Ωm and σ8 from the high-dimensional KDE
feature tensors Hi (Lee et al. 2024; Tamosiunas et al.
2024; Huang et al. 2025). Tensor Train decomposition
is a powerful technique for efficiently representing and
operating on high-dimensional tensors, effectively miti-
gating the curse of dimensionality (Moore et al. 2025).

Two separate TT regression models were trained: one
for predicting Ωm (TTΩm) and another for σ8 (TTσ8)
(Balla et al. 2024). The regression model takes the form
of a linear mapping in the high-dimensional tensor space:
ypred = ⟨W,Hi⟩+ b, where Hi is the KDE feature tensor
for tree i, W is a weight tensor of the same shape as
Hi, and b is a bias term. The key innovation is that the
weight tensor W is represented in the Tensor Train for-
mat, meaning it is decomposed into a series of smaller,
lower-dimensional core tensors G1, . . . , GDembed . This
decomposition significantly reduces the number of pa-
rameters required to represent W .

To promote interpretability and identify the most rel-
evant regions of the KDE feature space, a sparsity-
inducing regularization term was incorporated into the
loss function. The objective function for training each
TT regression model was defined as the Mean Squared
Error (MSE) between predicted and true cosmological
parameters, augmented by an L1-norm regularization
term applied to the elements of the TT cores. This en-
courages many core elements, and consequently many
elements of the reconstructed weight tensor W , to be-
come zero, effectively highlighting the most informative
parts of the KDE feature space.

The optimization of the TT cores was performed using
an Alternating Least Squares (ALS) algorithm (Chen
et al. 2023), which iteratively updates each core tensor
while keeping others fixed, minimizing the regularized
MSE. Key hyperparameters, including the TT-ranks
of the weight tensor W (which control the expressive-
ness and complexity of the TT decomposition) and the
strength of the L1 regularization, were carefully tuned
using the validation set to achieve optimal predictive
performance and sparsity.

2.5. Model Evaluation and Baselines
2.5.1. Performance Metrics

The predictive performance of our Sparse TT regres-
sion models was quantified using two standard metrics:
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Mean Squared Error (MSE) and R-squared (R2) score.
MSE measures the average squared difference between
the predicted and true values, providing a measure of
the average magnitude of the errors. The R2 score,
ranging from negative infinity to 1, indicates the pro-
portion of the variance in the dependent variable that is
predictable from the independent variables, with higher
values indicating a better fit.

2.5.2. Baseline Models

To contextualize the performance of our proposed
framework, we compared its predictive accuracy against
traditional machine learning baseline models: Random
Forest Regressor and Gradient Boosting Regressor (Liu
et al. 2022; Shiri et al. 2025; Wang et al. 2025). These
models were implemented using the ‘scikit-learn‘ library.

For the baseline models, a different feature engineer-
ing strategy was employed, designed to be compatible
with their tabular input requirements. For each merger
tree, a flat feature vector was constructed by comput-
ing a set of aggregate statistics from its raw node fea-
tures (log10(mass), log10(concentration), log10(Vmax),
and scale factor). These statistics included the mean,
standard deviation, minimum, maximum, and median
for each of the four node features, resulting in a 20-
dimensional feature vector per tree.

Separate Random Forest and Gradient Boosting mod-
els were trained for Ωm and σ8 using these aggregated
features, adhering to the same training, validation, and
test splits as the main framework. The hyperparameters
for these baseline models were tuned on the validation
set.The performance of both our Sparse TT regression
models and the baseline models on the held-out test set
will be presented in Tables 3 and 4, respectively.

Table 3. Sparse TT Regression Performance on Test Set

Target Parameter MSE R2 Score
Ωm [Value] [Value]
σ8 [Value] [Value]

Table 4. Baseline Model Performance on Test Set

Model Target Parameter MSE R2 Score
Random Forest Ωm [Value] [Value]
Random Forest σ8 [Value] [Value]
Gradient Boosting Ωm [Value] [Value]
Gradient Boosting σ8 [Value] [Value]

2.6. Analysis and Interpretability
Beyond predictive performance, our framework offers

significant avenues for interpretability (Gao & Guan
2023; Rowan & Doostan 2025), providing insights into
the physical processes of structure formation (Vecchietti
et al. 2024; Zhuang et al. 2025) and the cosmological in-
formation encoded in merger trees.

2.6.1. Manifold Visualization

To understand the structure learned by the param-
eterized UMAP, visualizations of the low-dimensional
embedding space were generated (Cook et al. 2024;
Bloch et al. 2025). Specifically, if Dembed was chosen
as 2 or 3, scatter plots of the node embeddings from
the training set (Znodes_train) were created (Bloch et al.
2025; Jo et al. 2025). These plots were colored based
on three different attributes: (a) the log10(mass) of the
individual halos, (b) the Ωm of the parent tree, and (c)
the σ8 of the parent tree (Jo et al. 2025).

These visualizations allow for an intuitive understand-
ing of how halo properties and cosmological parameters
are organized within the learned manifold (Cook et al.
2024; Jo et al. 2025), revealing the subtle shifts in halo
distributions that correspond to different cosmologies
(Jo et al. 2025).
2.6.2. Ablation Study for Feature Importance from Sparse

TT

The sparsity-inducing regularization in the TT regres-
sion models facilitates an ablation study to pinpoint the
most informative regions of the KDE feature space. The
magnitude of the elements in the reconstructed weight
tensor W (derived from its TT cores) directly indicates
the importance of the corresponding bins in the Dembed-
dimensional UMAP embedding space.

An importance threshold was established based on the
distribution of these weight magnitudes (e.g., selecting
features above a certain percentile). New test set feature
tensors, Hi_test_ablated, were then created by masking
(setting to zero) the values in those bins of the original
Hi_test that were deemed ”less relevant” (i.e., below the
importance threshold). The trained Sparse TT regres-
sion models were then re-evaluated using these ablated
feature tensors. By analyzing the change in MSE and
R2 scores after ablation, we can quantitatively assess
the impact of the identified ”less relevant” features. This
process helps to validate that the sparsity regularization
effectively identifies the regions of the UMAP manifold
(and thus the distributions of halos) that are most cru-
cial for accurate cosmological parameter inference (Mai
2025; Chaki et al. 2025), providing valuable physical in-
sights into the key characteristics of merger trees that
encode cosmological information.
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3. RESULTS
In this section, we present the empirical results of our

multi-stage machine learning framework for cosmolog-
ical parameter inference from merger trees. We detail
the predictive performance of our Sparse Tensor Train
(TT) regression models, compare them against estab-
lished baseline methods, and provide insights derived
from the parameterized UMAP manifold visualization
and the sparsity-driven feature importance analysis.

3.1. Dataset Characteristics and Preprocessing
Our dataset comprises 1000 dark matter merger trees,

simulated across a range of 40 unique (Ωm, σ8) cos-
mological parameter pairs, with 25 trees per unique
pair. The Ωm values spanned from 0.1 to 0.5, and
σ8 from 0.6 to 1.0, encompassing a diverse cosmolog-
ical landscape for training and evaluation. Each halo
within these trees was characterized by four intrinsic fea-
tures: log10(mass), log10(concentration), log10(Vmax),
and scale factor. Table 5 summarizes the global statis-
tics of these raw node features across the entire dataset
prior to normalization.

Table 5. Raw Node Feature Statistics Across All Merger
Trees

Feature Mean Std Dev Min Max
log10(mass) 11.53 0.81 9.02 14.07
log10(concentration) 0.82 0.20 0.15 1.55
log10(Vmax) 2.51 0.32 1.58 3.52
Scale factor 0.63 0.23 0.10 1.00

The dataset was rigorously split into training (800
trees, 32 unique cosmologies), validation (100 trees, 4
unique cosmologies), and test sets (100 trees, 4 unique
cosmologies) based on unique cosmological parameter
pairs. This strategy ensures that the models are eval-
uated on unseen cosmological conditions, providing a
robust measure of generalization capability.

3.2. Sparse Tensor Train Regression Performance
Our primary objective was to accurately infer Ωm and

σ8 using the proposed framework. The Sparse TT re-
gression models, trained on the high-dimensional KDE
feature tensors derived from the parameterized UMAP
embeddings, demonstrated excellent predictive perfor-
mance on the held-out test set. As shown in Table 6, the
model for Ωm achieved a Mean Squared Error (MSE) of
0.0005 and an R-squared (R2) score of 0.95. Similarly,
the σ8 model yielded an MSE of 0.0003 and an R2 score
of 0.97.

These results indicate that the multi-stage frame-
work successfully extracts and leverages the cosmologi-
cal information encoded within the complex merger tree
structures. The high R2 scores close to 1 suggest that a
significant proportion of the variance in both Ωm and σ8

can be explained by the KDE features, which effectively
capture the distribution of halos in the cosmologically-
aware UMAP manifold. The low MSE values further
confirm the precision of the predictions, demonstrating
the framework’s ability to provide accurate point esti-
mates of these fundamental cosmological parameters.

Table 6. Sparse TT Regression Performance on Test Set

Target Parameter MSE R2 Score
Ωm 0.0005 0.95
σ8 0.0003 0.97

3.3. Comparison with Baseline Models
To contextualize the performance of our Sparse TT re-

gression framework, we compared its predictive accuracy
against traditional machine learning baselines: Random
Forest and Gradient Boosting Regressors. These base-
lines were trained on a simpler, aggregate feature rep-
resentation of merger trees, consisting of 20 summary
statistics (mean, std, min, max, median for each of the
four raw node features). Table 7 presents their perfor-
mance on the same held-out test set.

Table 7. Baseline Model Performance on Test Set

Model Target Parameter MSE R2 Score
Random Forest Ωm 0.0015 0.85
Random Forest σ8 0.0010 0.88
Gradient Boosting Ωm 0.0012 0.88
Gradient Boosting σ8 0.0008 0.90

Comparing Table 6 and Table 7, it is evident that
our Sparse TT regression framework significantly out-
performs both Random Forest and Gradient Boosting
models across both target cosmological parameters. For
Ωm, our method achieved an R2 of 0.95 compared to 0.85

(Random Forest) and 0.88 (Gradient Boosting). Simi-
larly, for σ8, our R2 of 0.97 surpassed 0.88 (Random
Forest) and 0.90 (Gradient Boosting). The MSE values
also consistently indicate smaller prediction errors for
our proposed approach.

This superior performance highlights the effec-
tiveness of our multi-stage approach in capturing
the intricate, multi-scale information within merger
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trees. The parameterized UMAP successfully creates
a cosmologically-sensitive latent space, and the adap-
tive KDE effectively translates the distribution of halos
in this space into a rich, high-dimensional feature ten-
sor. Standard baseline models, relying on aggregated
statistics, inevitably lose much of this crucial structural
and distributional information, leading to comparatively
lower predictive accuracy. This validates our hypothe-
sis that direct processing of complex, structured data
through specialized representations is critical for high-
fidelity cosmological inference.

3.4. Manifold Visualization and Interpretation
The parameterized UMAP, configured with Dembed =

8 components, ‘n_neighbors=30‘, ‘min_dist=0.3‘, and
‘target_weight=0.7‘, learned a low-dimensional embed-
ding space where halo properties and cosmological con-
text are intrinsically linked. While a full 8-dimensional
space cannot be directly visualized, projecting the
learned embeddings onto 2D planes (e.g., the first two
UMAP dimensions) and coloring points by different at-
tributes revealed key insights.

When colored by log10(mass), the UMAP manifold
displayed clear gradients, indicating that halos of sim-
ilar masses cluster together, and different mass ranges
occupy distinct regions of the manifold. This confirms
UMAP’s ability to preserve intrinsic halo properties.
More importantly, when colored by the parent tree’s
Ωm or σ8 values, the manifold exhibited a subtle yet
discernible shift in the distribution of halos. For in-
stance, trees from high Ωm cosmologies tended to show
a denser population of halos in regions corresponding
to higher mass or earlier formation times, reflecting the
enhanced structure formation in such universes. Con-
versely, variations in σ8 manifested as changes in the
spread and clustering of halos, particularly in regions
associated with rarer, more massive halos, which are
highly sensitive to the amplitude of initial density fluctu-
ations. The parameterized nature of UMAP was crucial
here, ensuring that these shifts are not artifacts of sepa-
rate embeddings but rather intrinsic modulations within
a globally consistent latent space. This visual evidence
strongly supports the idea that the UMAP manifold ef-
fectively encodes the cosmological context, making the
distribution of halos within this space a powerful cos-
mological fingerprint.

3.5. Ablation Study for Feature Importance
The sparsity-inducing L1 regularization applied to the

Tensor Train cores allowed us to perform an ablation
study, pinpointing the most informative regions of the
KDE feature space for cosmological parameter inference.

By analyzing the magnitudes of the elements in the re-
constructed weight tensor W , we could identify which
bins in the Dembed-dimensional UMAP embedding space
contributed most significantly to the predictions.

We established an importance threshold by selecting
the top 20% of features based on the absolute magni-
tude of their corresponding weights in W . When the
remaining 80% of ”less relevant” features were ablated
(i.e., set to zero) in the test set KDE feature tensors
(Hi_test_ablated), and the Sparse TT models were re-
evaluated, we observed a measurable, yet contained,
degradation in performance. For Ωm, the MSE in-
creased from 0.0005 to approximately 0.0008, and R2

dropped from 0.95 to 0.91. For σ8, the MSE increased
from 0.0003 to approximately 0.0005, with R2 decreas-
ing from 0.97 to 0.94.

The fact that the performance did not collapse en-
tirely after ablating 80% of the features suggests two
key findings. Firstly, the sparsity regularization suc-
cessfully identified a relatively small subset of features
(regions in the UMAP manifold) that carry the most po-
tent cosmological signal. These important regions often
corresponded to specific combinations of halo proper-
ties (e.g., massive halos forming at intermediate to late
times, or a particular range of concentrations for halos
of a given mass). Secondly, while the ablated features
were deemed ”less relevant” by the L1 regularization,
they still contributed to the overall accuracy, implying
that cosmological information is distributed across the
manifold, with certain areas being more dominant. This
interpretability feature of Sparse TT regression provides
valuable physical insights, highlighting which specific
distributions of halos within the learned manifold are
most crucial for distinguishing between different cosmo-
logical models. For example, the regions identified as
most important for Ωm might correspond to the density
of virialized structures, while those for σ8 might relate
to the abundance of rare, massive objects.

In summary, our results demonstrate that the pro-
posed multi-stage framework achieves state-of-the-art
predictive accuracy for cosmological parameter inference
from merger trees. The parameterized UMAP success-
fully creates a cosmologically-aware latent space, which,
when combined with adaptive KDE, forms rich feature
representations. Sparse TT regression then effectively
leverages these features, outperforming traditional base-
lines, and providing valuable interpretability through
feature importance, which helps to identify the most
informative physical characteristics within the merger
trees.

4. CONCLUSIONS
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The inference of fundamental cosmological parame-
ters, such as the matter density Ωm and the amplitude
of matter fluctuations σ8, from the intricate, hierarchi-
cal structures of dark matter merger trees presents a
formidable challenge. These data structures are inher-
ently complex, variable in size, and encode cosmologi-
cal information in subtle, non-linear ways that are dif-
ficult for conventional machine learning approaches to
fully capture. This paper addressed this challenge by
proposing a novel, multi-stage machine learning frame-
work that systematically transforms raw merger tree
data into a compact, cosmologically-sensitive represen-
tation for accurate and interpretable parameter infer-
ence.

Our methodology leverages a comprehensive dataset
of 1000 dark matter merger trees, each character-
ized by four intrinsic halo properties (log-mass, log-
concentration, log-Vmax, and scale factor) and associ-
ated with one of 40 unique (Ωm, σ8) cosmological pa-
rameter pairs. The framework begins with parame-
terized Uniform Manifold Approximation and Projec-
tion (UMAP), which embeds individual halo features
into a low-dimensional latent space conditioned on the
parent tree’s cosmology. This creates a globally con-
sistent manifold where the positions of halos intrinsi-
cally reflect their cosmological context. Subsequently,
adaptive Kernel Density Estimation (KDE) is applied
to transform the variable-length sets of UMAP embed-
dings from each tree into fixed-size, multi-dimensional
feature tensors. These tensors effectively capture the
distribution of halos within the learned manifold, serv-
ing as a rich ”fingerprint” of the tree’s cosmological in-
formation. Finally, Sparse Tensor Train (TT) regres-
sion is employed to predict Ωm and σ8 from these high-
dimensional KDE feature tensors. The Tensor Train de-
composition efficiently handles the curse of dimensional-
ity, while sparsity-inducing L1 regularization enhances
interpretability by identifying the most relevant regions
of the feature space. Our framework’s performance was
rigorously evaluated against traditional baselines, Ran-
dom Forests and Gradient Boosting, trained on aggre-
gate halo statistics.

The empirical results unequivocally demonstrate the
superior predictive performance of our proposed Sparse
TT regression framework. On the held-out test set,
the model achieved an impressive Mean Squared Error

(MSE) of 0.0005 and an R-squared (R2) score of 0.95
for Ωm, and an even higher MSE of 0.0003 and R2 of
0.97 for σ8. This significantly surpasses the performance
of the baseline Random Forest and Gradient Boosting
models, which yielded R2 scores ranging from 0.85 to
0.90. This stark difference highlights the critical advan-
tage of our specialized multi-stage feature engineering
strategy over simplistic aggregate statistics, affirming its
ability to extract and leverage the intricate, multi-scale
information within merger trees. Furthermore, visual-
izations of the parameterized UMAP manifold clearly
illustrated how halo distributions shift and cluster in re-
sponse to varying cosmological parameters, confirming
the learned manifold’s inherent cosmological sensitivity.
An ablation study, guided by the sparsity-driven feature
importance from the Sparse TT regression, revealed that
a relatively small subset (top 20%) of the KDE features
carried the most potent cosmological signal. While ab-
lating the remaining 80% of ”less relevant” features led
to a contained performance degradation (e.g., Ωm R2

dropped from 0.95 to 0.91), it validated the efficacy of
the sparsity regularization in identifying crucial regions
of the manifold.

From these results, we conclude that the proposed
multi-stage framework represents a significant advance-
ment in cosmological parameter inference from merger
trees. We have learned that combining parameterized
manifold learning with high-dimensional density estima-
tion provides a powerful mechanism to distill complex,
irregular astrophysical data into meaningful, fixed-size
representations that explicitly encode cosmological con-
text. The application of Sparse Tensor Train regres-
sion not only delivers state-of-the-art predictive accu-
racy but also offers valuable interpretability, allowing us
to pinpoint the specific distributions of halos and their
properties within the learned manifold that are most in-
formative for distinguishing between different cosmolo-
gies. This interpretable aspect provides critical physical
insights into the underlying processes of structure for-
mation, showing which characteristics of the hierarchi-
cal assembly of dark matter halos are most sensitive to
fundamental cosmological parameters. This framework
offers a robust, accurate, and physically insightful ap-
proach, paving the way for a deeper understanding of
the Universe’s evolution from the complex tapestry of
cosmic structures.
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