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We propose a latent variable model to discover faithful low dimen-
sional representations of high dimensional data. The model com-
putes a low dimensional embedding that aims to preserve neighbor-
hood relationships encoded by a sparse graph. The model both lever-
ages and extends current leading approaches to this problem. Like
t-SNE (van der Maaten & Hinton, 2008), the model can produce two
and three dimensional embeddings for visualization, but it can also
learn higher dimensional embeddings for other uses. Like LargeVis
(Tang et al., 2016) and UMAP (Mclnnes & Healy, 2018), the model’s
likelihood is optimized by balancing two goals—pulling nearby ex-
amples closer together, and pushing distant examples further apart.
Unlike these approaches, however, the latent variables in our model
provide additional structure that can be exploited for learning. We
derive an Expectation-Maximization procedure with closed-form up-
dates that monotonically improve the model’s likelihood: in this pro-
cedure, embeddings are iteratively adapted by solving sparse, diago-
nally dominant systems of linear equations that arise from a discrete
graph Laplacian. For large problems, we also develop an approx-
imate coarse-graining procedure that avoids the need for negative
sampling of non-adjacent nodes in the graph. We demonstrate the
model’s effectiveness on datasets of images and text.

unsupervised learning | nonlinear dimensionality reduction

A common problem arises in many fields of science and
engineering—how to discover low dimensional represen-
tations of high dimensional data. These representations can
help to visualize complex patterns; they can also support the
faster indexing and querying of large data collections.

Current leading approaches in this area have demon-
strated remarkable successes. Algorithms such as t-SNE (1),
LargeVis (2), and UMAP (3) have produced stunning visual-
izations of high dimensional datasets; they have also tackled
extremely large problems with efficient data structures (4, 5)
and clever randomizations (6, 7). In practical applications
they have largely supplanted earlier approaches, based on
spectral methods (8-12), for manifold learning and nonlinear
dimensionality reduction (NLDR).

The models for t-SNE, LargeVis, and UMAP share a com-
mon element: they all appeal to probabilistic notions of similar-
ity and dissimilarity. Despite this shared grounding, however,
these approaches bear little resemblance to other canonical
probabilistic models for unsupervised learning. Problems such
as factor analysis (13) and clustering (14) are amenable to
especially tractable latent variable models (LVMs). The prob-
lem of NLDR is equally simple to state: given a set of high
dimensional (observed) inputs {x;}i¥,, infer a corresponding
set of low dimensional (unobserved) outputs {u; }X; such that
only nearby inputs are mapped to nearby outputs. The for-
mulation in these terms seems to lend itself to latent variable
modeling.

In this paper we make this connection explicit. We develop
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an LVM that provides another way of conceptualizing the
recent breakthroughs in NLDR. We also describe a novel
coarse-graining procedure to break the main logjam of learning
in NLDR—the large number of pairwise interactions between
non-neighboring inputs. The rest of the paper presents our
LVM, evaluates its performance on datasets of images and
text, and places it more fully in the context of previous work.

Latent variable model

Our LVM is designed to learn a faithful embedding of the
high dimensional inputs {x;}};. In a nutshell, the model
succeeds by mapping these inputs stochastically into a latent
space of lower dimensionality, then adjusting the parameters
of this mapping so that with high probability only the images
of nearby inputs remain nearby. Specifically, the model’s
parameters are estimated by maximizing an objective function
that consists of two terms: the first measures the likelihood
that nearby inputs remain nearby, while the second measures
the likelihood that distant inputs remain distant. Within the
model, these likelihoods are computed by integrating over the
(stochastically assigned) locations of inputs in the latent space
of lower dimensionality. The rest of this section is devoted to
filling out this description.

To begin, we associate to each input a low dimensional
output p, € R? and a variance o2 > 0; these outputs and
variances are the parameters of the LVM that we will estimate
to learn an embedding. Next we focus on a particular pair of
inputs (x;,x;) and ask whether they are associated to outputs
(1;, p;) in a neighborhood-preserving manner. To answer
this question, we imagine an experiment in which latent (i.e.,

Significance Statement

Latent variable models (LVMs) are powerful tools for discov-
ering hidden structure in data. Canonical LVMs include factor
analysis, which explains the correlation of a large number of
observed variables in terms of a smaller number of unobserved
ones, and Gaussian mixture models, which reveal clusters of
data arising from an underlying multimodal distribution. In this
paper we describe a conceptually simple and equally effec-
tive LVM for nonlinear dimensionality reduction (NLDR), where
the goal is to discover faithful, neighborhood-preserving em-
beddings of high dimensional data. Tools for NLDR can help
researchers across all areas of science and engineering to
better understand and visualize their data. Our approach ele-
vates NLDR into the family of problems that can be studied by
especially tractable LVMs.
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hidden) random variables h,h’ € R* are sampled from the
multivariate Gaussian distributions

P(hlx) = (2n0%) 2 exp (~4lh - pil?/o?) . [1]
P(Wx,) = (2m0d) Y exp (<30 —p,|*/0?) . [2]

‘We note the following: if the embedding is faithful, and the
variances o; and o; not too large, then with high probabil-
ity the distance ||h — h’|| should be commensurate with the
distance ||x; —x;||.

‘We should not expect too much from such a mapping, how-
ever. For example, distances are unlikely to be preserved: a
neighborhood-preserving embedding may need considerable
flexibility to situate the outputs in a space of much lower
dimensionality. We can appeal, though, to some weaker prop-
erties of the desired mapping, which we again express in terms
of the latent variables h and h'. First, for any pair of inputs
(xi,%;) that we regard as nearby on some length scale of in-
terest, there should be some readily computed distance 6,5,
reflecting this length scale, such that ||h — h'|| < §;; with high
probability. Conversely, for any pair of inputs (x;,x;) that
we regard as dissimilar on some length scale of interest, there
should be some readily computed distance A;j, reflecting this
length scale, such that ||h — h’|| > A;; with high probability.
For now, let us stipulate that we can formalize these judgments
of nearness and specify the distances (;;, A;;) for any pair of
inputs (x;,x;) as needed; we will fill in these details later.

These criteria suggest a natural way to measure the quality
of an embedding, which can then be iteratively optimized. We
start by considering how well the embedding behaves with re-
spect to a particular pair of inputs (x;,x;). Let ¢5,ca € {0,1}
be Bernoulli random variables with conditional distributions

P(cs =1, b, x;,x;) = exp(=4|h—h'|?/65), [3]
P(ca = 1|h,h', x;,x;) exp (—%Hh— h/Hz/A?j) . 4]

The probabilities in eqgs. (3—4) measure the degrees to which
the Gaussian latent variables h and h’ coincide on the length
scales §;; and A,;, respectively, in the lower dimensional space
of outputs. Integrating out these latent variables, we find that

Ples=1]xi,x,)

/ Ples=1]h, ', x:, %) P(hfx.) P(h[x,)
h,h/

d
5% 2 ox 1 i — Mj”z [5]
2 +ovo2) P2\ 402402 ) [

while an analogous equation holds for P(ca = 1|x;,x;) in
terms of the distance A;;. If the inputs (x;,x;) are nearby,
then the value of log P(cs = 1|x;,x;) measures how well the
embedding preserves their nearness on the length scale of §;;;
likewise, if the inputs (x;,x;) are dissimilar, then the value
of log P(ca =0|x4,x;) measures how well the embedding pre-
serves their dissimilarity on the length scale of A;;.

We can measure the overall quality of the LVM’s embedding
by accumulating these scores over multiple pairs of inputs. As
we shall see, it will be convenient to invest some pairs of inputs
with a larger role in this process than others. Allowing for a
weighted sum of scores, we obtain an overall log (conditional)
likelihood

L= Z |:quj10g P(cs=1|xi,x;)+ Dijlog P(ca :O|Xi7Xj)j| [6]

]
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for the LVM; here S;; and D;; are nonnegative weights at-
tached to pairs of inputs that we regard as similar at one length
scale and/or dissimilar at another. We shall discuss later how
to choose the distances (d;5, As;) and weights (S;;, Ds;), which
appear in eq. (6) as constants, so that the remaining opti-
mization over {(u;,0:)}iu; yields a sensible embedding. For
now, however, we shall assume that these constant values in
eq. (6) have been fixed and focus on the more computationally
intensive problem of maximum likelihood (ML) estimation. As
a final aside, we note that LargeVis (2) and UMAP (3), though
not formulated as LVMs, are based on objective functions of
this same general form (involving sums over pairs of similar
and dissimilar examples) but that differ in the weighting of

individual terms and the way they assess similarity.
EM algorithm
To proceed, we avail ourselves of the Expectation-

Maximization (EM) algorithm (15) for ML estimation in LVMs.
When applied to maximum effect, EM algorithms yield closed-
form parameter updates that monotonically improve the like-
lihood in these models. EM algorithms have been widely used
for ML estimation in Gaussian mixture models (14), factor
analysis (13), and hidden Markov models (16), where the
posterior statistics can be efficiently computed. Inference in
these LVMs (as required by the E-step of the EM algorithm)
is especially tractable because either the latent variables are
discrete, with dependencies that are represented by a trivial
or sparsely connected graph, or they are continuous and their
posterior distributions are multivariate Gaussian.

The LVM in this paper is interesting in two respects. First,
though its latent variables are continuous, with posterior dis-
tributions that are not always multivariate Gaussian, exact
inference remains tractable. Second, unlike most LVMs for un-
supervised learning, ours does not attempt to learn a so-called
generative model of the data; instead, the LVM’s parameters
{(p;,0:)}i=1 are estimated to maximize the log conditional
likelihood in eq. (6), and it is these parameters that provide a
low dimensional representation of the data. The Supplemen-
tary Material (SM) gives a full derivation of the steps of the
EM algorithm; here we present only the key results.

Inference (E-Step). We can express the parameter updates for
the EM algorithm most simply in terms of the posterior statis-
tics of the LVM’s continuous latent variables. For each pair
of inputs (x4, x;) appearing in eq. (6), the relevant posterior
distributions are given by Bayes rule:
P(cs=1|h,h’;x;,x;)P(h|x;)P(h’|x;)
Ples=1]x:,%;)
P(ca=0lhh’x;,x;)P(h|x;)P(h'|x;)
Plea=0lx;,x;)

P(h,h|cs=1,x%4,%x5) =

) [7]

- [8]

Substituting egs. (1-5) into eq. (7), we see that the first of these
distributions, P(h,h’|cs =1,%;,%;), is multivariate Gaussian,
though with different mean and covariance than the prior
distribution P(h, h’|x;,x;). The second of these distributions,
P(h,h’|ca =0,x;,%;), is not multivariate Gaussian, but its
statistics can still be efficiently computed. As shorthand, we
define the odds ratio

P(h,h'|ca =0,%;,%x;) =

vij = Plea=1[xs,%;)/P(ca=0/xs,%;), [9]

for the Bernoulli distribution in eq. (4); this ratio will simplify
the expressions for many posterior statistics of interest.
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The most important statistics to compute for the latent
variables are their posterior means. For example, we have

2
o’.
| C— L 10
H; <5§j+0?+a‘?>(ul K;), [10]
I/”'O'i2

= p;, + <A?g _,'_o_iz_i_o,]z_)(”i.ufj)' [11]

The SM gives corresponding expressions for E[h’|cs =1, x;, ;]
and E[h'|ca = 0,%;,%;]. Note that in each of these expres-
sions, the first term on the right hand side is the prior mean,
E[h|x;] = p;, while the remaining term gives a correction.
The different signs of these corrections show, intuitively, that
the posterior means for h and h’ are pulled together when x;
and x; are modeled as nearby inputs (with ¢s =1) and pushed
apart when they are not (with ca =0).

The other posterior statistics we need for the EM algorithm

Efhjes =1,%i,x;] =

E[h|ca =0, %, X;]

are the expected squared Euclidean distances between the
latent variables and their prior means. As shorthand, let
¢ij = Bllh—p]*cs=1%i,%;], (12]
¢y = B[N —pl*les=1,%i,%;], (13]
vii = E[llh - lea=0,%:,%;], (14]
vl = B[ —pl* ea=0,xi,%;]. [15]

These second-order statistics can also be efficiently computed.
For example, we have
],

o} s = pyI°
¢ij 0_? |:d+ ( i J
0L +oito? J\ 0ol +a?
)| o

o2 CI?
wij — 0_1_2 |:d ( V’L]Uz ||I‘l’z ’J']H
. . . / /
The SM gives the corresponding expressions for ¢;; and 1;;.

2 2 2 2 2 2

Learning (M-Step). The EM algorithm for LVMs is based on
maximizing a lower bound on the log-likelihood (15). There
are two ways to derive EM updates for our LVM. The first
(standard) approach employs a single lower bound on eq. (6)
to derive joint updates for the model parameters {,;, o7 }7;.
The second approach employs separate (and tighter) lower
bounds to derive alternating updates for these parameters.
Here we present the results of this second approach, which
converged significantly faster in practice.

We begin by giving the update for the outputs {u,;}iz;.
From the similarity weights S;;, we define the matrix

Sij n Sji
2 2 2 2 2 2
5ij+ai+aj 5].i+ai+aj

Wi = [18]
which is generally sparse and symmetric. Next we form the
symmetric diagonally dominant (SDD) matrix

N {ZkWik+alzzk(Dik+Dki) if i = j,

—Wij
The matrix L consists of the sum of two terms: the first is
the weighted graph Laplacian that incorporates the similarity
weights S;; through eq. (18), while the second is a nonnegative
diagonal matrix that incorporates the dissimilarity weights D;;.

. (19]
otherwise.

We re-estimate the outputs by solving the linear system:
>, (DijEhlea=0,%;,%;] + DjiE[l [ca =0,x;,%,])
(Lprev); = = :

k3

20]

Saul

To implement this update, we can avail ourselves of extremely
efficient solvers for SDD linear systems (17). In practice,
the update exploits some second-order structure of the objec-
tive function while avoiding the complexity of a full Newton-
Raphson update. It also exemplifies the so-called Laplacian
paradigm (18), in which fast solvers for SDD systems are used
as algorithmic primitives in problems involving large graphs.

Next we give the update for the variances {o7}7 . After
computing the expected squared distances in egs. (12-15), this
update takes an especially simple form:

12 (8ij b5 + Sjidi + Digbij + Djittl; )
d >; (Sij + Sji + Dij + Dji)

(o2 =

i . [21]
An appealing property of EM (15) is that both this update
and the one in eq. (20) are guaranteed to increase the log
conditional likelihood in eq. (6) (except at stationary points).

Length scales and pairwise similarities

The goal of our LVM is to learn an embedding that maps
nearby inputs to nearby outputs and distant inputs to distant
outputs. To begin, though, we must formalize which pairs of
inputs we regard as nearby in the first place. As is common,
we encode these neighborhood relationships by a sparse graph.
Then we use this graph to derive the length scales (d;;, Asj)
in egs. (3—4) and the weights (S;;, Ds;) in eq. (6).

Neighborhood graph. It would be simplest to regard the in-
puts x; and x; as nearby when either is among the k nearest
neighbors (kNN) of the other, as judged by Euclidean distance
or some other metric. Here, k is a single user-specified pa-
rameter that controls the size of desired neighborhoods. This
prescription generates a sparse symmetric graph, with edges
connecting neighboring inputs, but in practice it often connects
inputs that should not be regarded as nearby. Problems arise
especially when the data contains outliers, when the inputs
are not densely sampled, or when the underlying density is
variable (19). Many failure modes of manifold learning can be
traced to graphs that were formed in this way.

For our LVMs we have used a simple two-parameter pro-
cedure to construct sparse neighborhood graphs, where both
parameters (k, s) are small positive integers. The parameter k,
which largely determines the neighborhood size, is analogous
to the main tuning parameter of other algorithms for data
visualization, such as t-SNE (1), LargeVis (2), and UMAP (3).
The parameter s is mainly useful to optimize embeddings
for purposes other than visualization (e.g., when d > 3); for
visualizations, though, it can be set to a default value of s=1.

Our procedure starts by computing the k nearest neighbors
of each input and encoding these neighborhood relationships
by a binary matrix K, where

1
Kij—{ 0

Note that this matrix is not in general symmetric. In practice,
we find that even for small values of k, this graph may be too
permissive as a representation of pairs of inputs that should be
mapped to nearby outputs. Therefore the rest of our procedure
is designed to extract a subset of edges in this graph that
represent more robust neighborhood relationships (19). We
do this in three steps: first, by identifying pairs of inputs that

if x; is a kNN of x;,

otherwise (and on the diagonal). [22]
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yield a minimally connected subgraph; second, by identifying
pairs of inputs that unambiguously deserve to be regarded as
nearby; and third, by taking the union of these findings. We
now describe each of these steps in more detail.

In the first step we compute the minimum span-
ning tree of the undirected graph with adjacency ma-
trix Kij + Kj; — Ki; Kj; (i.e., whose edges connect x; to x; if
either input is a kNN of the other). For this computation, we
weight the graph’s edges by the Euclidean distances ||x; — x;||;
if the graph is not connected, we consider only its largest
connected component, which we assume (for a suitable value
of k) to contain all but a few outliers. We use T to denote
the adjacency matrix of this minimum weighted spanning tree.
The matrix T encodes a minimal set of edges that preserve
the large-scale connectivity of the inputs.

In the second step we accumulate the first s powers of the
matrix K; the value of s (typically, small) can be regarded as
the number of steps of a directed random walk. Let

R = K+K*+ -+ K" [23]
Clearly, the larger the value of s, the further the reach of this
s-step random walk. Of particular interest to us are the pairs
of inputs (x;,x;) that are mutually reachable from each other
by this random walk: these are the pairs for which R;; R;; > 0,
and they tend not to include outliers. We have observed that
mutual reachability in this directed random walk reveals more
meaningful neighborhoods than simple k-nearest neighbors.

The final step of our procedure combines the results of the
previous two. We define a neighborhood graph with edges

1
b )

By construction, this neighborhood graph connects only a
subset of those pairs of inputs that are k nearest neighbors;
in particular, it retains those pairs needed to keep the graph
connected, as well as those whose mutuality suggests an extra
degree of robustness. Note that these neighborhood relations
are not in general symmetric, so that we may sometimes regard
x; as nearby to x; (when F;; = 1) but not vice versa (when
E;; = 0). This happens, most notably, when x; is an outlier.

if Ki;j(Ty; + RijRji) > 0,

otherwise. [24]

Coarse-graining. Finally we use the neighborhood graph E;;
to derive the length scales (di;,A;;) in egs. (3-4) and the
weights (Sij, Dij) in eq. (6). The edges that are present in this
graph indicate the pairs of inputs that should be mapped to
nearby outputs, while the edges that are absent indicate the
pairs that should not. When the neighborhood graph is sparse,
the number of pairs in the latter category will be prohibitively
large to enumerate for all but the smallest datasets. Algorithms
such as LargeVis (2), and UMAP (3) overcome this difficulty
by a negative sampling procedure (7) for non-adjacent nodes
in the graph. As an alternative, we describe a recursive, coarse-
graining procedure where the number of levels (¢) of recursion
can be adjusted to learn from larger numbers of inputs.

Case ¢ = 0. We choose the weights and length scales to achieve
two complementary goals—first, to shrink the distances be-
tween neighbors, and second to ensure that neighbors remain
closer than non-neighbors. In the base case, this is especially
simple: we set the weights by S;; = E;; and D;; = 1 — Ej;
(but only keeping nonzero elements off the diagonal), and

4 | www.pnas.org/cgi/doi/10.1073/pnas. XXXXXXXXXX
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Fig. 1. Effect of the coarse-graining procedure, with red edges connecting inputs
(e.g., images of handwritten digits) that are explicity modeled as dissimilar. Left:
before coarse-graining, many pairs of such inputs contribute a large number of terms
to the model’s log conditional likelihood. Right: after coarse-graining, only the inputs
designated as landmarks are explicitly modeled as dissimilar, but their contributions
to the log conditional likelihood are weighted by the number of inputs they represent;
in addition, inputs represented by the same landmark—those inside the dashed
squares—are modeled as weakly similar to the landmark (indicated by blue edges).
During learning, the landmarks are widely separated from one other but kept relatively
closer to the points they represent. Thus, by the triangle inequality, the coarse-grained
model achieves a similar effect as the original one.

we set the length scales by 07, = ||Xi7Xj||2/(210g 2) and
A}; = max; {E‘l;C Hxika||2}/(2 log 2). The constant factors
of 2log 2 in these denominators serve to calibrate the proba-
bilities in eq. (3-4) so that P(cs =1/h,h’,x;,x;) = 3 when
|lh — h'|| = §;;. Before proceeding with EM, we also rescale
the weights such that Zi]. Sij = Zij Dij.

Case ¢ = 1.Fig. 1 shows the basic intuition behind coarse-
graining. Suppose that n is too large to model O(n?) pairs
of dissimilar inputs. Instead we randomly designate ny <n of
the inputs as landmarks and assign each input to its closest
landmark; similar ideas (20-23) have been used in many algo-
rithms for NLDR. Let €2; denote the set of inputs assigned to
the landmark x; (including itself), and let |2;| denote the size
of this set. Coarse-graining does not change the dissimilarity
weights between inputs assigned to the same landmark. But
now we make three changes: (i) we add unit similarity weights
between landmarks and the other inputs they represent; (ii)
we zero the dissimilarity weights between inputs represented
by different landmarks; and (iii) we add dissimilarity weights
between different landmarks (say, x; and x;), setting

Di; = Q] - |91, [25]
Ay = AP 5 5) 26
J aefrzlilfiﬁxeﬂj( ap T + JB) 26]

where APSY denotes the desired length scale of separation
between x, and xg before this level of coarse-graining. Note
that if the landmarks are widely separated while the inputs
they represent remain relatively clustered, then by the triangle
inequality the inputs represented by different landmarks will
also be well separated. The length scales in eq. (26) were
chosen with this in mind—so that ML estimation after coarse-
graining will separate inputs belonging to different landmarks
by at least the amount as before coarse-graining. As in the
base case, we also rescale the weights before proceeding with
EM; the SM provides further details.

It remains to specify how many landmarks to choose. In
practice, we choose ng n2/3; this scaling is motivated by the
idealized scenario in which, as a result of coarse-graining, the n
inputs of the dataset are evenly assigned to the ny, landmarks.
In this case, the O(n?) pairs of dissimilar inputs before coarse-
graining are replaced by O(n?) pairs of dissimilar landmarks
and O(n¢(-2)?) pairs of dissimilar inputs belonging to the same
landmarks. The overall number of such pairs is minimized by
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MNIST 70K DIGITS

Fig. 2. Two dimensional visualization of 70K handwritten digits (k =9,s =1,4=1).
Different clusters of digits are easily identified; in addition, the relative distances
between clusters reveal more and less confusable classes of digits.

setting ne o< n?/3, reducing the number of nonzero dissimilarity
weights from O(n?) to O(n*/?).

Case ¢ > 2. For large n, it may remain prohibitive to explicitly
model the dissimilarity between pairs of landmarks and/or
between pairs of inputs assigned to the same landmark. In this
case the coarse-graining procedure can be applied recursively.
For example, if there are ny landmarks after one level of coarse-
graining, we can sample nj/ % of them as super-landmarks and
model their separation at even longer length scales; or, if there
are |€;| inputs assigned to the landmark x;, we can sample
\Q¢|2/3 of them as sub-landmarks and model their separation
at a shorter length scale. In the idealized case of perfectly
balanced assignments, a similar scaling argument (in the SM)
shows that the next level of coarse-graining reduces the number
of nonzero dissimilarity weights from O(n*?) to O(n'%/®).

Results

We have implemented the EM algorithm for this LVM in
MATLAB. All results were obtained on an Intel Core i5 CPU
running at 1.3 GHz. In each experiment, we ran the EM
algorithm for 400 iterations and used a momentum term to ac-
celerate the update in eq. (20). We also initialized the outputs
{p;}iz1 from the bottom eigenvectors of a graph Laplacian
matrix derived from the similarity weights S;;. Many further
details and experiments are reported in the SM.

Fig. 2 shows a two dimensional visualization of the MNIST
dataset of n = 70000 images of handwritten digits (24). Fol-
lowing earlier work (4), we preprocessed the 28 x 28 grayscale
images by projecting them onto their first 50 principal com-
ponents. The visualization by the LVM captures the different
classes of digits with very little overlap; the results are similar
to those from t-SNE (4) and UMAP (3). From start to finish,
the embedding in Fig. 2 took 747 seconds to produce in MAT-
LAB; this is comparable to the time of 751 seconds for the
first benchmarked C++ implementation of tree-accelerated
t-SNE (4), though not as fast as more recent methods (3, 5).
We examine this embedding in more detail in the SM, which
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also explores the effects of different choices for &, s, and ¢.

Our remaining experiments highlight the LVM’s ability
to learn higher dimensional embeddings. Fig. 3 shows the
performance of a 9NN classifier on the LVM’s embeddings
(k=9,s=2) of varying dimensionality. The error rates were
computed on the MNIST test set of 10K digits. The results
show that most of the inter-class variation is captured in the
first few dimensions learned by the LVM; by contrast, PCA
requires many more dimensions to obtain comparable error
rates. The figure also illustrates the effect of one versus two
levels of coarse-graining. The error rates are somewhat higher
when ¢ = 2, presumably because the extra coarse-graining
incurs more slack from the triangle inequality. As a point of
comparison, the 400 iterations of EM required 859 and 579
seconds, respectively, for the d = 10 embeddings with £ = 1
and ¢ = 2 levels of coarse-graining.

We also experimented on a subset of normalized word
vectors from the word2vec model trained on the GoogleNews
corpus (7). The original model produced a vector of dimension-
ality 300 for each word in a three-million word vocabulary; the
subset, containing n = 207147 word vectors, was obtained by
filtering out words (such as misspellings and garbage phrases)
not listed in WordNet (25). Fig. 4 compares the results of
different embeddings by PCA and our LVM; the plot shows the
percentage of words whose true nearest neighbor (in the full
300 dimensions) remained as one of the top r nearest neighbors
after the embedding. In this regime, the results show that
PCA requires 8-10 times as many dimensions as NLDR to
obtain the same degree of recall. Table 1 shows the four near-
est neighbors of word vectors before and after the embedding
by our LVM (k =4,s =3, =2) into ten dimensions. The
computation time for this embedding was dominated by the
initial search for exact nearest neighbors, which took over two
hours; the rest of the computation took roughly 30 minutes.

Perspective

Our model builds directly on earlier approaches. LargeVis (2)
and UMAP (3) optimize a likelihood of the same general form
as eq. (6), but with a different specific form for the probability
in eq. (5) that pairs of outputs are colocated. A similar EM
algorithm as the one in this paper was also investigated for
an earlier model of distance metric learning (26).

Our work was heavily inspired by the success of previ-
ous visualizations, as well as a desire to replicate them with

06 MNIST 60K/10K digits
I PCA
B LVM ((=1)
I LVM ((=2)
2
g 04 0.04
5 r
[ 0.03
i
go.z 002 s 45678910

2 3 4 5 6 7 8 9 10
dimensionality of embedding

Fig. 3. Test error rates of 9nn classifiers on handwritten digits after dimensionality
reduction by PCA versus latent variable modeling (k =9, s = 2). The dotted line
shows the test error rate when the digits are projected onto their top 50 principal
components; these projections were the inputs to the LVM.

PNAS | June 10,2020 | vol. XXX | no.XX | 5

559
560
561
562
563
564
565
566
567
568
569
570
571
572
573
574
575
576
577
578
579
580
581
582
583
584
585
586
587
588
589
590
591
592
593
594
595
596
597
598
599
600
601
602
603
604
605
606
607
608
609
610
611
612
613
614
615
616
617
618
619
620



621
622
623
624
625
626
627
628
629
630
631
632
633
634
635
636
637
638
639
640
641
642
643
644
645
646
647
648
649
650
651
652
653
654
655
656
657
658
659
660
661
662
663
664
665
666
667
668
669
670
671
672
673
674
675
676
677
678
679
680
681
682

Table 1. Four nearest neighbors of word vectors before and after the LVM’s embedding (k=4, s=3, {=2) into ten dimensions.

word 4nn (before) 4nn (after)

tractable wilier, tractability, intractable, impulsion tractability, Rube_Goldberg, effervescence, ingenious
latent unexpressed, unarticulated, untapped, Latent unexpressed, unvoiced, unarticulated, inchoate
variable Variable, adjustable, quantize, variability Variable, Fixed, fixed, assignable

model models, Model, concept, paradigm Model, models, Models, Modeling

nonlinear linear, oscillatory, diffusive, fractal linear, lineal, gravitational_attraction, gravitation

dimensionality dimensional, translucency, tonal, spatiality

dimensional, Dimensional, Dimension, translucency

reduction reductions, decrease, increase, increases

increases, decreases, increase, reductions

-
®
c
o
£
k3
s -~ LVM (d=10)
o o -+ PCA (d=75)
o021 p - LVM (d=2) 1
= PCA (d=20)
o | | | I |
0 10 20 30 40 50

Fig. 4. Recall of 1st-nearest-neighbor at r, for the dataset of n = 207147 nor-
malized word vectors, after linear dimensionality reduction by PCA and nonlinear
dimensionality reduction by latent variable modeling (k =4, s =3, £=2).

longstanding methodologies. Visualizations from t-SNE (1, 4),
LargeVis, and UMAP have emerged as core tools in exploratory
data analysis; in addition, current implementations of LargeVis
and UMAP scale very well to large datasets, as do leading im-
plementations of t-SNE (5). While the main bottleneck of our
approach is currently the search for exact nearest neighbors,
this is not an intrinsic bottleneck: like these other methods,
we could also turn to approximate NN search (6, 27).

We emphasize, though, that the general problem of NLDR
has larger goals than visualization (which focuses only on em-
beddings in three or fewer dimensions). This general problem
is where more work remains to be done, and also where our
formulation is likely to yield the most benefits. LVMs can
be extended in many directions—most notably, by incorpo-
rating additional latent variables—and tractable LVMs can
serve as a basis for approximate inference in less tractable
ones (28). Notwithstanding the power of current approaches,
we anticipate many further developments along these lines.

Data Availability. Code and scripts are available at https:/osf.io/
wy793/. The data set of MNIST handwritten digits is available
at http://yann.lecun.com/exdb/mnist/, and the Matlab word2vec data
set is available at https:/github.com/chrisjmccormick/word2vec_matlab.
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Supporting Information Text

This supplement gives more details on the EM algorithm, the speed-ups from coarse-graining, the initialization of model
parameters, and the experimental results on images and text. In particular, we provide many additional figures exploring the
effects of the parameters k, s, and ¢ on the results of the algorithm. We also discuss potential applications that use metric (but
not necessarily Euclidean) distances to assess which pairs of inputs should be regarded as similar examples.

EM Algorithm

Here we give a complete derivation of the EM updates for our latent variable model (LVM). First we discuss the E-step of the
algorithm; in particular, we show how to calculate the statistics that we require of the LVM’s posterior distributions. Then we
discuss the M-step of the algorithm; in particular, we show how the statistics from the E-step are used to update the model
parameters. For ease of implementation, we also collect all the key results for the EM algorithm in Table S1.

Inference (E-step). For the E-step of the EM algorithm, we must infer expected values of the model’s latent variables. First
we show how to calculate the statistics of the posterior distribution P(h,h’|x;,x;,cs = 1); these are the statistics that we
require for pairs of nearby inputs. We start by computing the probability P(cs=1|x;, X;), which is obtained from the Gaussian

integral:
Ples=1jxix;) = / Ples=1,1, Wi, x,). 0
h,h’
= [ Pl ) Plbe) PO ) )
h,h’
— 535 In—n’|? — =ty h—p)? — 52z Ib =12
_ / . . %e 37 Ih=pil™ ] ;de 207 g ’ 3
h,h/ (2mo?)2 (2m03)2
da
— () e (o ) I f
2 t+o2+o2) TP 2\ ror oz T
From the intermediate result in eq. (3), we can also obtain some useful identities by the method of differentiating under the
integral sign. In particular, we note that
9 0
OiafwlogP(C:Umej) = E[(h—p,)le=1,xi,%], [5]
2
4 2
i — = 1log P(c=1|xi,x;) = —o;l Cov[h|c=1, x;, x;]. 6
% o, onT % (e=1]xi,%;) o;il + Covlhle=1,xi,%;] [6]

We use the first of these identities, eq. (5), to compute the posterior means of the continuous latent variables h and h’ for
neighboring inputs (x;,x;). For example, we have

Elh|es=1,x;,%x,;] = /P(h|c(;:1,xi,xj)h7 [7]
h
- / P, W]es =1, x4, %5) (s + b — ), g
h,h’
= i+ ol log Ples= i), 9]
= M - [‘M] (i = 1j)- [10]

An analogous calculation gives the result for the posterior mean E[h’|cs=1,x;,x;] of the latent variable h’. Finally, we use
the identity in eq. (6) to compute the second-order statistics that we require of this posterior distribution. What we need, in
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particular, is the (posterior) expected squared Euclidean distance between each latent variable and its prior mean. Here we find

. {Hh_’“ 2 Cé_l’xi’xj] = B {Hh — Ehjes=1,%:,%;] + Elhles=1,%:,%;] — u,]|° 05—1»Xi,Xﬂ'] v (11]
= E |:Hh — E[h‘c5:1,X¢,Xj]||2 Cg:l,xi,Xj:| + HE[h‘Cazl,Xi,X]’] -, 27 [12]
= trace(Cov[h|c(5:1,xi,x]-}) + ||E[h|65:1,xi,xj} — uiHQ, [13]
=t 2ot g Ples—1ixi,x, Elhlcs=1,%;,x; 4
= trace \oil + 0 5o log (cs=1|xi,x;)| + |[Elhles=1,%:,%;] — p;|",  [14]

2 2 2
el (L S— i |2 15
= I = = N =
1 e = g1
= do} + o} LR —d). 16
e (5§j+a§+a§> (5§j+a§+a§. [16]

Once again, an analogous calculation gives the result for E[||h’ — ;Lj||2 |es=1,xq,x].

Note that the posterior distribution P(h,h’|cs =1,%;,x;) is in fact multivariate Gaussian, which is one reason that its
statistics are so readily computed. However, the statistics of this posterior distribution differ significantly from those of its
prior counterpart. For example, in contrast to egs. (10) and (16), the prior statistics are given simply by E[h|x;] = p; and
E[|lh — p;||*|x:] = do?. In addition, the prior distribution factorizes as P(h, h|x;,x;) = P(h|x;) P(h|x;).

Next we show how to calculate the statistics of the posterior distribution P(h,h’|x;,x;,ca =0); these are the statistics that
we require for pairs of dissimilar inputs. A similar result as eq. (4) holds for the probability P(ca =1|h,h’,x;,x;). For pairs of
dissimilar inputs, however, we will be mainly interested in the complementary probability

P(ca=0 =1 AL : L L 2 17
(ea=0lxi,%x;) = W €xXp 5 W llpe; Hj” . (17]

The posterior distribution P(h,h’|x;,x;,ca =0) is not multivariate Gaussian, but the statistics we need can be derived from
the ones we have already calculated. Let
vy = Plea=1|x:,x;) (18]
P(CA :0|Xi, Xj)
denote the odds ratio when x; and x; are regarded as non-neighboring inputs; this notation will prove a useful shorthand in
what follows. To compute the posterior mean E[h|ca =0, x;,X;], we note that

Bl = [ Plbix) b 19

h
= [ P, 20

h
= / > P(h,ca=clxi,x;) b, [21]

h cro,1}

= P(ca=0Jxi,x;) E[hlea=0,%;,%;] + P(ca=1|xs,%x;)E[hlca=1,x;,x;]. [22]
Eq. (22) expresses the posterior mean E[h|ca =0, x;,x;] in terms of the prior mean E[h|x;] = p,; and the posterior mean

E[h|ca =1, x4, x;], whose calculation is identical to that of E[h|cs =1,x;,x;] in eq. (10). Thus we can recover E[h|ca =0, x;, X;]
from our previous results. Rearranging terms and simplifying, we find

o}

Elhlea=0,x0%5] = #; + v {
Afj—l—af—i—af-

} (1 — Hj)- [23]
An analogous calculation gives the result for the posterior mean of the latent variable h’. We can compute the second-order
statistics of the posterior distribution P(h,h’|x;,x;,ca =0) in a similar way. Once again, we appeal to the relation between
prior and posterior statistics:

2 2 2

B |l

CA:O,Xi,Xj:| + P(ca=1|xi,x;)E |:Hh—ui

CA = 1, Xi, Xj:| . [24]

As before, eq. (24) expresses E[||h — u,|*|ca =0, %;, %;] in terms of quantities that we have already shown how to compute.

Rearranging terms and simplifying, we find

2 4 1 ||I~Li_N'H2
CA:O”"""J} = dov — v (6Ej+a$+v;‘-’) <63j+afiaf —4) .
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An analogous calculation gives the result for E[||h’ — [Lj||2|CA =0,X4,x;]. Note that the posterior statistics in eq. (23) and
eq. (25) have a fairly complicated dependence on the parameters of the latent variable model, but that much of this dependence
is captured by the odds ratio v;; in eq. (18).

Learning (M-step). The EM updates for our LVM are derived by maximizing an iteratively constructed lower bound on its

log conditional likelihood. The lower bound is used as a surrogate for the log conditional likelihood because it is easier to
maximize. The log conditional likelihood for the LVM is given by
L = Z Sij log P(C§ = 1|X1‘, X]') + Z Dij log P(CA :O|Xi7 X]'), [26}
ij ij

where the similarity weights S;; and dissimilarity weights D;; can be regarded as constants. As noted in the main paper, we
employ one bound to derive the updates for the outputs {g,}i-; and another bound to derive the updates for the variances
{02'2 1

First we derive the updates for the outputs. Consider in particular the second term in eq. (26) involving pairs of dissimilar
examples. Let {f1;}i_; denote the updated values of the outputs that we seek to re-estimate, and let P(ca =0|x;,x;) denote
the probability computed from these updated values: i.e.,

) AZ H 1 1 )
Plea=0lxi,%x;) = 1— | 54— 22— - ) i — i, 27
(ca=0|xi,%;) (A?j+01‘2+0]2') exp{ 5 (A?jﬂ-Ufﬁ-U?) [| 2 I%H } [27]

The EM algorithm exploits a lower bound due to Jensen’s inequality. In particular, in the E-step of the algorithm, we compute

log P(ca=0[xi,%x;) > E [log P(h, W, calxi,x;)

CA:O,X»L,X]‘:| — E {log P(h,h'|ca =0, x%;,x%;)

CA:O7 Xi7xj:| ) [28}

where the expectation is taken with respect to the posterior distribution P(h,h’|ca =0, x;,x;) using the current estimates
of the outputs {u,;};=; and variances {c;}{-,. Note that only the first term on the right hand side depends on the updated
outputs {f,}i—;. Expanding this term, we find

E |:10g P(h,h', calxi, x;) | ca =0,xi, xj:|

h— 1|2 h' — |2 1 /
= E {—g log(27m07) — % - glog(%raf) - % +log (1 — e 2llh-h “Q/A?j) ca=0,xi,x;5| . [29]
7 J

The updates are derived by maximizing sums of terms of this form with respect to the re-estimated values of the outputs. For
the purpose of this maximization, we only need to evaluate the terms on the right hand side of eq. (29) that depend on these
values. In particular, we can write

i = Blhlea=0,x0]1° [ = Eljea=0,%, x,]||”

2 2
20; 20j

log P(ea=00x,%;) >

+ const, [30]

where const is a placeholder for terms that do not depend on fi; and fi;. Note that the right hand side of eq. (30) is a quadratic
form in the parameters fi; and fi;. But this is also true for the terms involving neighboring examples in the log conditional
likelihood, eq. (26); in particular, we have

- 1 1 - -
IOgP(Céz].lXian) = —5 <62—|—0'2—|-0'2> ||I‘l’7, - I“l'jH2 + const. [31}
i % J

To obtain a lower bound on the overall log conditional likelihood, we substitute the results from eqgs. (30—-31) into eq. (26).

Making these substitutions, we find

U - 1 1 - ~ 2
L(hi,hs,... h,) > ~5 Z&j <W) i — il
ij

2
1 i, — Elh :0, iy Xj 2 /]z-—Eh/CA:O,Xi,X'
QZDM(M blea =0l [l ~EWlea =0T

o; o;

ij

The lower bound on the right hand side is a quadratic form in the parameters {fl}?:l that we seek to re-estimate. It is
maximized by solving the symmetric, diagonally dominant linear system given in the main paper.

Next we derive the updates for the variances. This derivation follows the standard recipe for the EM algorithm. Let {5;}i—;

denote the updated values of the variances that we seek to re-estimate; now we assume that the values of the outputs {p,;}ie;

are fixed. To update the variances, we use Jensen’s inequality to derive lower bounds on both types of probabilities—those
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for pairs of neighboring examples, as well as for pairs of dissimilar examples—that appear in the log conditional likelihood,
eq. (26). Then the same procedure as above shows that

log P(cs = 5 . [ L2 e
og P(cs=1|x4,x;) > —d(logé; +logd;) —E 552 + 552 cs=1,xi,%x;| + const, [33]
i J
. he .2 h'—p. ||
log P(ca=0]x;,x;) > —d(log&i—klog&j)—E[l 2&1;1” + | Q&ZJH ca=0,%;,%;| + const, [34]
i J

where const is a placeholder for terms that do not depend on &; or &;. As in the main paper, it is convenient to introduce the
shorthand

¢ij = Bllh—pm|*cs=1%i %], (35]
¢i; = Bl —p|? les=1,xi,%;], [36]
Yi; = E[h—pl*ca=0,xi,%;], (37]
Gy = B[ —pyl* |ea=0,%i,%;]. (38]

We obtain an overall lower bound on the log conditional likelihood by substituting the results from egs. (33-34) into eq. (26).
Making these substitutions with the above notation, we find

/ !
[,({5’,‘}?:1) > — ZS” (dlog&i =+ dlog&j =+ ;i;% + ;ij_%) — ZD” (dlog&,- + dlog&j + ;pal_% + ;/Z_%) + const. [39]
ij ij
The lower bound on the right hand side has a simple dependence on the parameters {&; };=; that we seek to re-estimate. It is
maximized by the update given in the main paper.

Table S1 collects all the key results needed to implement the EM algorithm. The derivation of these updates assumes
that they are carried out in an alternating manner: the variances are held fixed while computing the statistics to update the
outputs, and the outputs are held fixed while computing the statistics to update the variances. It is possible to derive joint
updates for the outputs and variances, but we found that these updates—based on a looser overall bound of the log conditional

likelihood—converge more slowly in practice.

Analysis of coarse-graining

Here we analyze the potential speedups obtained by the coarse-graining procedure. First we analyze the gains when one
level (¢ = 1) of coarse-graining is applied. Then we use this result to analyze the gains from an additional round (¢ = 2) of
coarse-graining.

The first level of coarse-graining aims to sparsify a dense n X n matrix whose nonzero elements indicate pairs of dissimilar
examples. This is done by selecting ny < n landmarks and maximizing the conditional likelihood that the n, landmarks are
widely separated by the embedding while examples belonging to the same landmark are relatively clustered. To this end, the
matrix of dissimilarity weights in the coarse-grained model encodes only the dissimilarities between different landmarks (on
larger length scales) and the dissimilarities between examples that belong to the same landmark (on smaller length scales).
Suppose that the examples are evenly distributed with n/n¢ examples per landmark. Then to highest order, the dissimilarities
after coarse-graining are modeled by a sparser matrix with

er = %n? + ine (n/ne)? [40]

nonzero elements; the first term in this expression measures the number of pairs of landmarks, while the second measures the
number of pairs of examples belonging to the same landmark. This overall number is minimized by setting n, = n2/3/%, as a
result of which
4/3
er ~ O(n™”). [41]

In effect, the coarse-graining procedure replaces a dense n X n matrix by a sparser matrix with one dense n?/3 x n?/® subblock
(encoding dissimilarities between landmarks) and n?/3 dense n'/® x n'/3 subblocks (encoding dissimilarities within landmarks).

The second level of coarse-graining takes this one step further, applying this procedure to each of the dense subblocks
obtained at the first level. In this way the dense subblock of size n?/3 xn?/3 is replaced by sparser subblock of O(ng/ 9) elements,
while each dense subblock of size n'/® x n'/? is replaced by a sparser subblock of O(n*/?) elements. Since there are n?/3 of the
latter, the overall number of nonzero elements at this second level of coarse-graining scales as n?/374/9 or

es ~ On'). [42]

The above analysis is based on the simplifying assumption that at each level of coarse-graining, the examples are evenly
distributed among landmarks. While this assumption does not hold in practice, we have observed that the gains are indeed
substantial from one level to the next, and that the larger the number of examples, the more significant the gains from
additional levels.
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The coarse-graining procedure for our LVM has some high-level parallels to Barnes-Hut accelerated implementations of
t-SNE. Inspired by many-body simulations from physics, the latter also involve some implicit form of coarse-graining, in which
nearby inputs are grouped so as to aggregate their contributions to the gradient. These procedures for t-SNE differ from ours,
however, in that rely on gridding a low dimensional space. As a result, they are perfectly suited for problems in visualization,
but not as suitable for learning higher dimensional embeddings.

Our coarse-graining procedure also draws on ideas from renormalization-group (RG) methods in statistical mechanics (1).

RG methods were developed to analyze physical systems at different length scales, but more recently they have been proposed
as a framework for understanding the successes of deep learning (2, 3). This connection seems deserving of further study.

As noted in the main paper, many previous studies have used landmarks in some way to accelerate algorithms in NLDR.

Specific usages, though, tend to vary, and it is hard to generalize across different algorithms about how landmark-based
approximations affect the quality of embeddings. We return to this question later and present experimental results to illustrate
not only the speed-ups from coarse-graining in our LVM, but also the effects on learned embeddings.

Implementation

The EM algorithm converges in general to a local maximum of the log conditional likelihood; therefore, the results of the
algorithm depend on how the parameters of the LVM are initialized. We initialized the outputs {p,}i-; from the d bottom
(non-trivial) eigenvectors of the graph Laplacian arising from the quadratic form Zij Sijllp; — 1y |I*. This initialization maps
nearby inputs to nearby outputs, but in general it does not map dissimilar inputs to dissimilar outputs; thus, further learning
is required to obtain a neighborhood-preserving mapping. We initialized the variances as o} = 55 max; Eyj|x; — x;||>. This
initialization ensures that the variances are on the same order as the distances between nearby inputs.

The results of the EM algorithm also depend on the relative weighting of terms in the log conditional likelihood. To
balance these terms, we rescale the dissimilarity weights so that Zij Di; = Zij Si;. Before this, we also perform an internal
rescaling of the similarity weights. Recall that there are two types of nonzero similarity weights. First, there are unit similarity
weights between examples that are connected by edges E;; of the neighborhood graph; the construction of the neighborhood
graph ensures that Zij E;; < kn, since it consists of a subset of edges of the (directed) kNN graph. Second, there are
similarity weights between examples that are connected by the coarse-graining procedure—for example, between examples
and their landmarks after one round of coarse-graining, or between landmarks and their super-landmarks after two rounds of
coarse-graining. We rescale the similarity weights arising from the coarse-graining procedure so that they sum to n. Intuitively,
this rescaling calibrates the overall effect of the landmarks so that each output, on average, is attracted to one additional

output besides its neighbors. Before these rescalings, the similarity and dissimilarity weights have nonnegative integer values;

recall that weights arising from the coarse-graining procedure count the number of examples that they (implicitly) connect.

After these rescalings, however, the similarity and dissimilarity weights may take on fractional values.

The astute reader may have noticed that before coarse-graining (¢ = 0), the length scale A;; does not depend on the index j.

In particular, for this base case of the LVM, we defined

1
A% = (21g2> max [Bip [xi —xx*]

The above equation has a simple interpretation: before coarse-graining, for each input x;, the LVM attempts to keep the
distance from x; to other dissimilar inputs at least as large as the distance from x; to any of its similar inputs. However, the

length scale A;; does acquire a dependence on j, as a result of eq. (26), after one or more rounds of coarse-graining (¢ > 1).

Hence, the more general notation is needed.

EM algorithms do not require the tuning of learning rates. However, other gradient-based strategies can help to accelerate
the convergence of EM. In our experiments, we obtained further speedups by incorporating a momentum term (4, 5) into the
EM update for the outputs. More precisely, this was done as follows. Let uit) denote the estimate of the output p; at the
tth iteration of learning, and let ugtH’EM) denote the result of the EM update as described in the first section. Then the
momentum-accelerated update is given by

M£t+1) _ H§t+1,EM) 18 (ugt) _ I‘Etil)) , [43}

where [ is the momentum parameter, which we set to a constant value of 0.9. Though this momentum-accelerated update does
not preserve the guarantee of monotonic convergence in the log conditional likelihood, in practice we found it to be remarkably
stable. There has been a great deal of work on strategies for accelerating EM algorithms (6-14), and it is likely that further
speedups can be obtained beyond the simple heuristic considered above.

Results

In this section we examine the embeddings obtained by our LVM in more detail. We also explore the effect of the model’s
different tuning parameters—namely, the number of nearest neighbors (k), the number of steps (s) along the neighborhood
graph, and the number of levels of coarse-graining (¢).
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Detecting clusters. We begin by revisiting the two-dimensional embedding of MNIST handwritten digits in Fig. 2 of the main
paper. Such embeddings have been used as a test case for many algorithms, including t-SNE and UMAP. For this dataset,
the goal of visualization is to reveal the ten different classes of digits as easily identified clusters. Fig. S1 shows a logarithmic
heatmap of the embedding in Fig. 2; though the heatmap does not color-code the digit classes, it nevertheless reveals ten
clusters formed by the embedded images of nearby inputs.

Detecting outliers. Fig. S2 shows again the same embedding as Fig. 2 but omits the most uncertain outputs of the LVM. In
particular, recall that for each high dimensional input x;, the LVM learns not only a low dimensional output p,, but also
a corresponding variance ¢2. When the LVM has faithfully preserved the neighborhood of an input x;, its log conditional
likelihood is maximizing by setting the variance o2 to a very small value. When this is not the case, however, the log conditional
likelihood is maximized by setting the variance o2 to a larger value; otherwise, the latent variable for this input would be
highly localized, and as such, it would have negligible probability to satisfy the many (and perhaps competing) demands of a
neighborhood-preserving embedding. Fig. S2 reproduces the embedding of Fig. 2 but excludes the 3500 (out of n = 70000)
outputs whose variances exceed the 95% quantile. The inset of the left subplot shows a histogram of the n = 70000 values of
{m2 iy for this embedding; here we observe that these variances range over several orders of magnitude.

The plot in Fig. S2 has much less speckle than the original one, suggesting that large variances provide a way of identifying
outliers in the embedding (or perhaps even in the original space of inputs). We investigate this idea further in Fig. S3. The top
plot of this figure highlights the 100 most uncertain outputs (i.e., those with the largest variances ¢7) in the embedding of
Fig. 2. The bottom plot shows the digit images corresponding to these outputs. It appears that large variances do have some
correlation with outliers in the original space of inputs: a sizable fraction of these images (roughly one-quarter) reveal highly
atypical examples of the classes they represent. Presumably the other images correspond to outputs whose neighborhoods were
distorted as a result of their embedding into a much lower dimensional space.

We also performed an experiment to understand the role of the variances during learning. Fig. S4 shows the much worse
embedding (with the same parameters k, s,£) that is obtained when all of the variances {07 }/-; are constrained to share the
same value. When the variances are tied in this way, the outputs {u; }i—; do not have as much freedom to produce a faithful
embedding that separates the different classes of digits. In addition, this embedding has a significantly lower likelihood than
the previous one.

Effect of graph parameters. Next we explore the effect of the parameters (k, s) that determine the model’s neighborhood graph.
Fig. S5 shows the two-dimensional embeddings of MNIST digits obtained from different values of £ and s. Of course, the
number of neighbors k has a significant effect on the visual aspects of the embedding. If k is too small, then the neighborhood
graph itself may be disconnected; if k is too large (as in the bottom row) then the neighborhood graph will connect more
distant inputs, and the LVM will attempt to co-locate these inputs in the embedding. In general, there is a range of values
of k (as shown in the top and middle rows) which yield meaningful embeddings. Within this range, one effect of k is also
apparent—namely, higher values of k tend to yield more tightly observed clusters. This dependence on the neighborhood size is
common to all algorithms for NLDR.

On the other hand, Fig. S5 also suggests that the value of s does not heavily affect the visual aspects of the embedding (at
least, not when k is appropriately chosen). Thus when the LVM is used for visualization, it seems simplest to use a default
value of s=1. This default value also gives rise to a very simple similarity graph between inputs, whose edges correspond
either to mutual k nearest neighbors (where K;; = K;; = 1) or to edges in the minimum spanning tree of the symmetrized
k-nearest-neighbor graph (given by K;; + Kj; — K;; Kji).

The utility of s becomes more apparent when we consider other (non-visual) aspects of the embedding. For example,
Fig. S5 shows that the value of s does affect the 1-nearest-neighbor error rate of outputs in the MNIST test set. In general,
our experiments suggest that other (small) values of s are worth exploring when other measures of the embedding are being
optimized. For example, we found that the value s=2 gave the best test error rates on MNIST digits (as shown in Fig. 3 of the
main paper) and that the value s=3 gave the best recall rates on the word2vec data (as shown in Fig. 4).

Effect of coarse-graining. Next we examine the effect on embeddings of the number of levels of coarse-graining (¢). In practice,
the choice of ¢ is determined by the size of the dataset: one simply chooses the smallest value of ¢ such that the LVM can be
trained in a reasonable amount of time and memory. Thus, for example, no coarse-graining (¢=0) is required for datasets with
thousands of inputs, whereas multiple levels (£>1) are likely to be required for datasets with hundreds of thousands of inputs.
Even though £ is not tuned in the same way as the parameter k, however, it remains important to understand the effect of
coarse-graining on the results of embeddings.

Figs S6-S8 illustrate the effect of coarse-graining on embeddings of MNIST digits. In particular, Figs. S6—S7 contrast the
effect of one versus two levels of coarse-graining. In this case, the extra level of coarse-graining has the noticeable effect of
magnifying the distances between clusters. Intuitively, this is to be expected: recall that each level of coarse-graining is based
on an application of triangle inequalities, and the slack in these inequalities leads to over-estimates of the distances between
faraway inputs. These figures also show close-up plots of the most confusable classes of digits (3/5/8 and 4/7/9) in these
embeddings; the close-ups resolve some ambiguities when the visualizations are viewed at larger scales.

In a similar way, Fig. S8 illustrates the effect of the first level of coarse-graining on embeddings of MNIST digits. The
experiments for this figure were of necessity performed on a smaller subset (n = 7000) of MNIST digits. Here we observe a
similar trend: the effect of coarse-graining is to magnify the distances between clusters of inputs.
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Given this effect of coarse-graining, it is natural to wonder if the procedure might artificially induce clusters in the
embeddings of datasets where the inputs are not in fact tightly clustered. To examine this possibility, Fig. S9 shows the effect
of coarse-graining on embeddings of n=>5000 inputs sampled from the so-called Swiss roll. In this case, the inputs lie on a

two-dimensional manifold, and the goal of NLDR is to discover a neighborhood-preserving mapping of the inputs into the plane.

The figure shows that at least for this data set, where the underlying manifold is densely sampled, the effect of coarse-graining
is mild; in particular, the embedding with one level of coarse-graining (¢=1) does not exhibit spurious clusters.

Scaling with dimensionality. Fig. S10 shows how the learning algorithm for our LVM scales with the dimensionality of the
embedding. The vertical axis of this plot shows the amount of time required for 400 iterations of the EM algorithm. As
expected, the amount of time scales gracefully with the dimensionality of the embedding. This graceful scaling is shared by the
algorithms for LargeVis and UMAP, which (as mentioned previously) are based on closely related objective functions. However,
this behavior is quite different than leading algorithms for t-SNE, which are tailored specifically to embeddings in two and
three dimensions.

Word vector embedding. Table S2 shows more nearest neighbors of word vectors before and after the LVM’s embedding into
ten dimensions. The words in this table were taken (including capitalization) from the preamble of the U.S. Constitution. The
recall of nearest neighbors for words in this table is considerably higher than the recall averaged over the entire vocabulary of
n = 207147 words. Anecdotally, we observe that the neighbors of more common words seem to be better preserved than those
of less common words, but we do not have an explanation of why this is so.

Metric versus Euclidean distances

Throughout the main paper, we have assumed that the inputs {x;}j—; are high dimensional vectors and that the Euclidean
distances ||x; — x;|| best reflect which pairs of inputs (x;,x;) should be regarded as nearby. These assumptions can be relaxed
when other similarity metrics are more natural in the original space of inputs. We discuss briefly how this can be done.

Let d(x;,x;) denote a measure of distance between the inputs x; and x;. For example, if x; and x; are high dimensional
vectors, then we might compute d(x;,x;) = ||xi — x|, from the £,-norm on the vector space, or if x; and x; are discrete
sequences, we might compute d(x;,x;) from their Levenshtein (edit) distance. These alternate distances can be substituted in
the obvious way to derive the length scales d;; and A;; that appear in our LVM. In particular, for the base model (¢ = 0)
before coarse-graining, we can define

2

2

d(xi,x;)*/(2log2), [44]
max [E”c d(xi,xk)Q] /(2log2), [45]

where again the factors of 21log 2 are used to calibrate the model’s probabilities so that, for example, P(cs=1/h,h’,x;,x;) = %
when ||h — h'|| = §;;. These length scales for the base model (/=0) can then be used in the same way as before to derive the
length scales at higher levels (£>1) of coarse-graining.

It is possible that non-Euclidean measures of distance may lead to novel applications of NLDR. We note, however, that the
coarse-graining procedures for our LVM are rooted in triangle inequalities; thus, implicitly, in the derivation of these procedures,
we have assumed that the distance function between inputs satisfies the properties of a metric. For the purpose of NLDR, this
does not seem a particularly restrictive assumption to impose on the distance function in the original space of inputs. We
note, for example, that metric distances are obtained from both the £, norm (for p > 1) on vector spaces and the Levenshtein
distance on sequences.

8 of 21 Lawrence K. Saul

931
932
933
934
935
936
937
938
939
940
941
942
943
944
945
946
947
948
949
950
951
952
953
954
955
956
957
958
959
960
961
962
963
964
965
966
967
968
969
970
971
972
973
974
975
976
977
978
979
980
981
982
983
984
985
986
987
988
989
990
991
992



993

994

995

996

997

998

999
1000
1001
1002
1003
1004
1005
1006
1007
1008
1009
1010
1011
1012
1013
1014
1015
1016
1017
1018
1019
1020
1021
1022
1023
1024
1025
1026
1027
1028
1029
1030
1031
1032
1033
1034
1035
1036
1037
1038
1039
1040
1041
1042
1043
1044
1045
1046
1047
1048
1049
1050
1051
1052
1053
1054

HEAT MAP

computing the number of points within each bin. The heatmap’s colors are coded on a logarithmic scale, revealing ten clusters of data, one for each class of digits.
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0

Fig. S1. Heatmap of the two dimensional embedding of n =70000 MNIST handwritten digits in Fig. 2 of the main paper. The heatmap was obtained by binning the plane and
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2

Fig. S2. For each high dimensional input x;, our LVM learns a low dimensional output p; and a variance 01-2. Lower variances are attached to outputs that are situated with
higher certainty in the low dimensional embedding. This plot shows the same embedding as Fig. 2, but excludes the most uncertain outputs—those whose variances exceed
the 95% quantile. The resulting plot has much less speckle, showing that the outputs outside dense clusters correspond to outputs with larger amounts of uncertainty. The inset

shows a histogram of all n = 70000 variances {o?}7_,, which range over several orders of magnitude.

10 of 21

Lawrence K. Saul

1179
1180
1181
1182
1183
1184
1185
1186
1187
1188
1189
1190
1191
1192
1193
1194
1195
1196
1197
1198
1199
1200
1201
1202
1203
1204
1205
1206
1207
1208
1209
1210
1211
1212
1213
1214
1215
1216
1217
1218
1219
1220
1221
1222
1223
1224
1225
1226
1227
1228
1229
1230
1231
1232
1233
1234
1235
1236
1237
1238
1239
1240



1241
1242
1243
1244
1245
1246
1247
1248
1249
1250
1251
1252
1253
1254
1255
1256
1257
1258
1259
1260
1261
1262
1263
1264
1265
1266
1267
1268
1269
1270
1271
1272
1273
1274
1275
1276
1277
1278
1279
1280
1281
1282
1283
1284
1285
1286
1287
1288
1289
1290
1291
1292
1293
1294
1295
1296
1297
1298
1299
1300
1301
1302

1

| 1 1
[ B s ]
o o ~ o ©

1

O

2

5

0
Q
3
£

R O0N

e

O N QSO
SKRNGID
Qo |lw(ol

g

o ¢Ye0

og O

q

Di<sN=b|L
O NR©Olo
I LSANE I

Ol |BDLO

SN (R (| F
WS (SRS
S EINACIS
S |< (WY

VT (€0

I

e RN

Q

Fig. S3. The top plot shows the same embedding as Fig. 2, but circles the most 100 outputs with the highest variances. The bottom figure shows the digit images corresponding

to the circled outputs.
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Fig. S4. Two dimensional embedding of 70K handwritten digits (k =9,s = 1,£ = 1) when each output s, is constrained to have the same variance o2 = o2. The resulting

embedding does not separate the most similar classes of digits; it also has a considerably lower likelihood.
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Fig. S5. Embeddings of MNIST digits with different values of k and s. Also shown is the 1-nearest-neighbor error on the MNIST test set in the latent space of lower

dimensionality.

Lawrence K. Saul

-

16

-

13 of 21

1551
1552
1553
1554
1555
1556
1557
1558
1559
1560
1561
1562
1563
1564
1565
1566
1567
1568
1569
1570
1571
1572
1573
1574
1575
1576
1577
1578
1579
1580
1581
1582
1583
1584
1585
1586
1587
1588
1589
1590
1591
1592
1593
1594
1595
1596
1597
1598
1599
1600
1601
1602
1603
1604
1605
1606
1607
1608
1609
1610
1611
1612



1613
1614
1615
1616
1617
1618
1619
1620
1621
1622
1623
1624
1625
1626
1627
1628
1629
1630
1631
1632
1633
1634
1635
1636
1637
1638
1639
1640
1641
1642
1643
1644
1645
1646
1647
1648
1649
1650
1651
1652
1653
1654
1655
1656
1657
1658
1659
1660
1661
1662
1663
1664
1665
1666
1667
1668
1669
1670
1671
1672
1673
1674

MNIST 70K DIGITS

Fig. S6. Top: two dimensional visualization of n = 70000 MNIST handwritten digits by the LVM (k =9, s =1, £ = 1) with boxes around the most confusable classes of digits.
The sheer number of points in these plots can produce some visual artifacts when viewing the visualization at larger scales. Left: closeup of the top cluster of threes, fives, and
eights. Right: closeup of the bottom cluster of fours, sevens, and nines. Compare to the next figure to see the effect of further coarse-graining.
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Fig. S7. Top: two dimensional visualization of n = 70000 MNIST handwritten digits by the LVM (k =9, s =1, £ = 2) with boxes around the most confusable classes of digits.
The sheer number of points in these plots can produce some visual artifacts when viewing the visualization at larger scales. Left: closeup of the bottom cluster of twos, threes,
fives, and eights. Right: closeup of the top cluster of fours and nines. This figure illustrates one side-effect of coarse-graining: distances between clusters are magnified.
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Fig. S8. Two dimensional visualizations of n = 7000 MNIST handwritten digits by LVMs (k =9, s = 1) with different levels of coarse-graining (¢ =0 versus £=1). As in the

MNIST 7K DIGITS

(=1

previous figures, we observe that the coarse-graining tends to magnify the distance between clusters.
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Fig. S9. Two dimensional visualizations of the Swiss roll data set (n = 5000) by LVMs (k =9, s = 1) with different levels of coarse-graining (¢ =0 versus £ =1).

Lawrence K. Saul

17 of 21

2047
2048
2049
2050
2051
2052
2053
2054
2055
2056
2057
2058
2059
2060
2061
2062
2063
2064
2065
2066
2067
2068
2069
2070
2071
2072
2073
2074
2075
2076
2077
2078
2079
2080
2081
2082
2083
2084
2085
2086
2087
2088
2089
2090
2091
2092
2093
2094
2095
2096
2097
2098
2099
2100
2101
2102
2103
2104
2105
2106
2107
2108



2109
2110
2111
2112
2113
2114
2115
2116
2117
2118
2119
2120
2121
2122
2123
2124
2125
2126
2127
2128
2129
2130
2131
2132
2133
2134
2135
2136
2137
2138
2139
2140
2141
2142
2143
2144
2145
2146
2147
2148
2149
2150
2151
2152
2153
2154
2155
2156
2157
2158
2159
2160
2161
2162
2163
2164
2165
2166
2167
2168
2169
2170

18 of 21

1000 ] ] | | | | |
800
8 600
@
[})
E 400} -
—0— g
200 -
—8— E
0 1 1 1 1 1 1 1
2 3 4 5 6 7 8 9

dimensionality of embedding

10

Fig. S10. Time in seconds to complete 400 iterations of EM versus the dimensionality of the embedding for the LVMs shown in Figure 3.
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Lawrence K. Saul Table S1. Summary of the EM algorithm.
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Table S2. Four nearest neighbors of word vectors before and after the LVM’s embedding (k =4, s =3, ¢/=2) into ten dimensions. The words

(including capitalization) are from the preamble of the U.S. Constitution.

word

4nn (before)

4nn (after)

People

Folks, Individuals, Teenagers, people

Folks, folks, people, peeps

United_States

U.S., America, Europe, countries

U.S., aUS, American, America

Order

Orders, Edicts, Decree, order

Orders, Ordering, orders, ordering

form forms, shape, forming, formation forms, Forms, ray, silver_lining

more less, More, fewer, rather less, Fewer, Less, fewer

perfect ideal, terrific, flawless, fabulous ideal, Perfect, Ideal, Suited

Union Federation, union, Confederation, Association Federation, OCA, governing_body, association
establish establishing, reestablish, established, develop forge, forging, Forging, forges

insure insuring, insures, insured, Insuring insuring, insures, insured, Insuring

domestic Domestic, domestically, DOMESTIC, overseas Domestic, domestically, Domestically, Internationally
Tranquility Tranquillity, Atlantis, Cupola, Endeavour Tranquillity, Atlantis, Discovery, Endeavour

provide providing, provides, provided, Providing providing, Providing, offered, offer

common Common, prevalent, commonest, ordinary Common, Ordinary, ordinary, harmfulness

defense defenses, defensive, defensively, offense defenses, Defenses, Defences, defensive

promote promoting, promotes, encourage, Promoting promotes, Involve, promoting, encourages

Welfare Social_Welfare, welfare, Invalids, Social_Affairs Social_Welfare, Social_Affairs, Fruit_Fly, Fruit_Flies
secure securing, secured, secures, Securing inapplicable, securing, prescribes, prescribed
Blessings blessings, Mercies, Thankfulness, Beatitude blessings, bless, blessing, blesses

Liberty LIberty, Freedom, Patriot, Independence LIberty, Freedom, Independence, freedom

Posterity Wherefore, Conceit, posterity, Absolutism posterity, Wherefore, Founding_fathers, WHEREFORE
ordain ordained, ordination, ordaining, ordains ordained, ordaining, ordinations, Ordained

Constitution

constitution, constitutional, Constitutions, Constitutional

constitution, Constitutionally, instrumentalities, constitutionally

America

United_States, American, Europe, nation

American, U.S., United_States, aUS

20 of 21

Lawrence K. Saul

2419
2420
2421
2422
2423
2424
2425
2426
2427
2428
2429
2430
2431
2432
2433
2434
2435
2436
2437
2438
2439
2440
2441
2442
2443
2444
2445
2446
2447
2448
2449
2450
2451
2452
2453
2454
2455
2456
2457
2458
2459
2460
2461
2462
2463
2464
2465
2466
2467
2468
2469
2470
2471
2472
2473
2474
2475
2476
2477
2478
2479
2480



2481 References

2482
2483
2484
2485
2486
2487
2488
2489
2490
2491
2492
2493
2494
2495
2496
2497
2498
2499
2500
2501
2502
2503
2504
2505
2506
2507
2508
2509
2510
2511
2512
2513
2514
2515
2516
2517
2518
2519
2520
2521
2522
2523
2524
2525
2526
2527
2528
2529
2530
2531
2532
2533
2534
2535
2536
2537
2538
2539
2540
2541
2542

10.
11.

12.

13.
14.

. Wilson KG (1983) The renormalization group and critical phenomena. Reviews of Modern Physics 55(3):583-600.
. Mehta P, Schwab DJ (2014) An exact mapping between the variational renormalization group and deep learning. ArXiv

e-prints 1410.3831.

Lin HW, Tegmark M, Rolnick D (2017) Why does deep and cheap learning work so well? Journal of Statistical Physics
168(6):1223-1247.

Rumelhart DE, Hinton GE, Williams RJ (1986) Learning internal representations by error propagation in Parallel
Distributed Processing, eds. Rumelhart DE, McClelland JL. (MIT Press) Vol. 1, pp. 318-362.

Qian N (1999) On the momentum term in gradient descent learning algorithms. Neural Networks 12:145-151.
Jamshidian M, Jennrich RI (1993) Conjugate gradient acceleration of the EM algorithm. Journal of the American
Statistical Association 88:221-228.

Liu C, Rubin DB (1994) The ECME algorithm: A simple extension of EM and ECM with faster monotone convergence.

Biometrika 81:633-648.

Lange KL (1995) A quasi-Newton acceleration of the EM algorithm. Statistica Sinica 5:1-18.

Jamshidian M, Jennrich RI (1997) Acceleration of the EM algorithm by using quasi-Newton methods. Journal of the
Royal Statistical Society, Series B 59:569-587.

Liu C, Rubin DB, Wu YN (1998) Parameter expansion to accelerate EM: The PX-EM algorithm. Biometrika 85:755-770.

Salakhutdinov RR, Roweis ST, Ghahramani Z (2003) Optimization with EM and expectation-conjugate-gradient in
Proceedings of the 20th International Conference on Machine Learning (ICML-03). pp. 672-679.

Varadhan R, Roland C (2008) Simple and globally convergent methods for accelerating the convergence of any EM
algorithm. Scandinavian Journal of Statistics 35:335-353.

Yu 'Y (2012) Monotonically overrelaxed EM algorithms. Journal of Computational and Graphical Statistics 21:518-537.
Henderson NC, Varadhan R (2019) Damped anderson acceleration with restarts and monotonicity control for accelerating
EM and EM-like algorithms. Journal of Computational and Graphical Statistics 28(4):834-846.

Lawrence K. Saul 21 of 21

2543
2544
2545
2546
2547
2548
2549
2550
2551
2552
2553
2554
2555
2556
2557
2558
2559
2560
2561
2562
2563
2564
2565
2566
2567
2568
2569
2570
2571
2572
2573
2574
2575
2576
2577
2578
2579
2580
2581
2582
2583
2584
2585
2586
2587
2588
2589
2590
2591
2592
2593
2594
2595
2596
2597
2598
2599
2600
2601
2602
2603
2604



