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Background

Molecular dynamics simulation
Molecular dynamics simulation is a widely used method based on theoretical modeling
and computer simulation, which plays a key role in many fields, including materials
science, biophysics, and drug design.

Figure 1: (Left) Study of the structure of SARS-CoV-2 replication-transcription complex by molecular dynamics
simulation (Malone et al., 2021). (Right) Illustration of the workflow of molecular dynamics simulation.
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Background

Quasi-2D charged systems
Quasi-2D systems (Mazars, 2011) are macroscopic in 𝑥 and 𝑦, but microscopic in 𝑧.
They are widely found in nature and engineering, e.g., cell membranes, electrolytes near
surfaces, and ultrathin polymer films.

They are typically modeled as infinite planar layers and treated as doubly periodic in
simulations. We consider Q2D systems with point charges interacting via the Coulomb
potential.

Figure 2: Illustration of a quasi-2D charged system.
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Background

Coulomb interaction
The bottleneck of simulating Q2D charged systems is the Coulomb interaction.

The electrostatic interaction in Q2D systems is given as follows:

𝑈 = 1
2

∑
𝑁

𝑖,𝑗=1
∑
𝒎

𝑞𝑖𝑞𝑗𝐺(𝒓𝑖, 𝒓𝑗 + 𝐿𝒎),

where 𝐺(𝒓, 𝒓′) is the Green’s function, 𝐿𝒎 = (𝐿𝑥𝑚𝑥, 𝐿𝑦𝑚𝑦, 0).

If the system is homogeneous, the Green’s function is given by:

𝐺(𝒓, 𝒓′) = 1
|𝒓 − 𝒓′|

It decays slowly and is singular at 𝑟 = 0, which makes such summation computationally
expensive.
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Background

Algorithms for Q2D charged systems
Methods have been developed to accelerate the calculation of Coulomb interaction in
Q2D systems.

• Ewald2D (Parry, 1975): based on the Ewald splitting, 𝑂(𝑁2) complexity.

To reduce the complexity, most methods rely on the following strategies:

• Fourier spectral method (Maxian et al., 2021; Yuan et al., 2021): based on Ewald
splitting and fast Fourier transform (FFT), with 𝑂(𝑁 log 𝑁) complexity. Example:
PPPM2D, ICM-PPPM.

• Fast multipole methods (Greengard & Rokhlin, 1987; Liang et al., 2020): accelerated
by hierarchical low-rank compression, adaptive and with 𝑂(𝑁) complexity. Example:
HSMA, periodic FMM.

• Random batch Ewald (Jin et al., 2021): based on Ewald splitting and random batch
sampling, stochastic and with 𝑂(𝑁) complexity, efficient parallelization.

Is the problem fully solved?
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Background

Ewald splitting
1
𝑟

≈ (1 − erf(𝛼𝑟)
𝑟

)𝟙𝑟<𝑟𝑐⏟⏟⏟⏟⏟⏟⏟⏟⏟
near-field, real space

+ erf(𝛼𝑟)
𝑟⏟

far-field, Fourier space

The near-field contribution is computed by a real space truncation, and the far-field part
is a periodic summation of a smooth kernel, which can be summed up in Fourier space.

Figure 3: Near-field and far-field parts of the Coulomb kernel.
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Background

For triply periodic systems, the long range part can be calculated by standard Fourier
spectral solvers (Darden et al., 1993):

𝑈3D
long = 1

2𝑉
∑
𝑁

𝑖=1
∑
𝑁

𝑗=1
∑

𝑘
𝑞𝑖𝑞𝑗

𝑒− 𝑘2
4𝛼2

𝑘2 𝑒𝑖𝑘(𝒓𝑖−𝒓𝑗)

For the Q2D systems, a common strategy is to periodize the system in 𝑧, approximat-
ing the origin system with a 3D periodic one.

However, Q2D systems are naturally multi-scaled, i.e., 𝐿𝑧 ≪ 𝐿𝑥, 𝐿𝑦, which leads to
large prefactors compared to 3D-PBC solvers (Gao et al., 2025).

Figure 4: Zero-padding for FFT based methods. 𝛾 = 𝐿𝑥
𝐿𝑧

, 𝑃 ≔ 𝐿𝑉
𝐿𝑥

.
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The algorithm

The sum-of-Gaussians approximation
The bilateral series approximation (Beylkin & Monzón, 2010) of the Coulomb kernel:

1
𝑟

≈ 2 log 𝑏√
2𝜋𝜎2

∑
∞

𝑙=−∞

1
𝑏𝑙 𝑒

− 𝑟2

(
√

2𝑏𝑙𝜎)
2
,  with ℰ𝑟 < 2

√
2𝑒− 𝜋2

2 log 𝑏 , 𝑟 > 0

With the SOG approximation, we further split the potential into three parts:

1
𝑟

≈ (1
𝑟

− ∑
𝑀

𝑙=0
𝑤𝑙𝑒

−𝑟2

𝑠2
𝑙 )𝟙𝑟<𝑟𝑐

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
near-field

+ ∑
𝑚

𝑙=0
𝑤𝑙𝑒

−𝑟2

𝑠2
𝑙

⏟⏟⏟⏟⏟
mid-range

+ ∑
𝑀

𝑙=𝑚+1
𝑤𝑙𝑒

−𝑟2

𝑠2
𝑙

⏟⏟⏟⏟⏟
long-range

where 𝑚 is selected so that 𝑠𝑚 < 𝜂𝐿𝑧 < 𝑠𝑚+1, where 𝜂 is 𝑂(1) constant.
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The algorithm

Near-field

1
𝑟 − ∑𝑀

𝑙=0 𝑤𝑙𝑒
−𝑟2

𝑠2
𝑙

Mid-range

∑𝑚
𝑙=0 𝑤𝑙𝑒

−𝑟2

𝑠2
𝑙

Long-range

∑𝑀
𝑙=𝑚+1 𝑤𝑙𝑒

−𝑟2

𝑠2
𝑙

Figure 5: Mid-range part and long-range part of the potential, 𝜂 ≈ 0.6.

A Fast Spectral Sum-of-Gaussians Method for Electrostatic Summation in Quasi-2D Systems 8 / 16



The algorithm

Near-field potential
The weight of the narrowest Gaussian is modified to be

𝑤0 = 𝜔 2 log 𝑏√
2𝜋𝜎2

to enforce the 𝐶0 and 𝐶1 continuity (Predescu et al., 2020) of the near-field potential at
𝑟 = 𝑟𝑐, which is important for MD simulations (Shamshirgar et al., 2019).
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The algorithm

Mid-range potential

Φ𝑙
mid( ⃗𝑟) = ∑

𝑛⃗
∑
𝑁

𝑗=1
𝑞𝑗𝑤𝑙𝑒

−
(𝑟⃗−𝑟⃗𝑗+𝑛⃗⚬𝐿⃗)

2

𝑠2
𝑙 , 𝑠𝑙 < 𝜂𝐿𝑧

Since the mid-range Gaussians decay rapidly to zero for 𝑧 > 𝐿𝑧, the mid-range potential
is computed by a standard Fourier spectral solver (ChebParticleMesh.jl) with little zero
padding (𝜆𝑧 < 2 for double precision).

Figure 6: Relation between the padding ratio 𝜆𝑧, 𝜂 and the error.
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The algorithm

Long-range potential

Φ𝑙
long( ⃗𝑟) = ∑

𝑛⃗
∑
𝑁

𝑗=1
𝑞𝑗𝑤𝑙𝑒

−
(𝑟⃗−𝑟⃗𝑗+𝑛⃗⚬𝐿⃗)

2

𝑠2
𝑙 , 𝑠𝑙 > 𝜂𝐿𝑧

The long-range potential is computed by a Fourier-Chebyshev solver.

The extremely smooth long-range Gaussians are interpolated on the Chebyshev proxy
points in 𝑧; only 𝑂(1) Chebyshev points are required.

Then 2D non-uniform FFT (Greengard & Lee, 2004) can be used to evaluate the potential
on a tensor-product grid, with cost of 𝑂(𝑁 log 𝑁).
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The algorithm

Complexity
Using DFT for long-range potential, the complexity is

𝑂(4𝜋𝑟3
𝑐𝜌𝑟𝑁⏟

near-field

+ 𝒫𝑥𝒫𝑦𝒫𝑧𝑁 +
𝜆𝑧(1 + 𝛿

𝐿𝑧
)

𝑟3
𝑐𝜌𝑟

𝑁 log 𝑁
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

mid-range

+
𝑃𝐿𝑥𝐿𝑦

𝜂2𝐿2
𝑧

𝑁
⏟⏟⏟⏟⏟

long-range

)

where 𝒫𝑥, 𝒫𝑦, 𝒫𝑧 are the window supports, 𝜆𝑧 is the padding ratio, 𝛿 is the extended
length of the box in the free direction to accommodate the support of the window
function, 𝑃  is the number of Chebyshev points. By taking 𝑟𝑐 ∼ 𝑂(1) and assume 𝐿𝑧 ∼
𝑂(√𝐿𝑥𝐿𝑦), the complexity is 𝑂(𝑁 log 𝑁).

Using 2D-NUFFT for long-range potential, the complexity is

𝑂(4𝜋𝑟3
𝑐𝜌𝑟𝑁⏟

near-field

+ 𝒫𝑥𝒫𝑦𝒫𝑧𝑁 +
𝜆𝑧(1 + 𝛿

𝐿𝑧
)

𝑟3
𝑐𝜌𝑟

𝑁 log 𝑁
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

mid-range

+ 𝒫𝑥𝒫𝑦𝑃𝑁 + 𝑃
𝜌𝑟𝐿3

𝑧𝜂2 𝑁 log 𝑁
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

long-range

)

which is needed when 𝐿𝑧 ≪ 𝐿𝑥, 𝐿𝑦, the total complexity is also 𝑂(𝑁 log 𝑁).
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Numerical results

The method is benchmarked on the following systems:
• Cubic systems with fixed aspect ratio equals to 1.
• Strongly confined systems with fixed 𝐿𝑧, aspect ratio up to 103.5

Figure 7: Error and time cost for the SOG method in the (a,c) cubic and (b,d) strongly confined systems.
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Summary

A fast and accurate solver for Q2D charged systems is developed based on the sum-of-
Gaussian approximation of the Coulomb kernel and the kernel splitting technique.

The Coulomb kernel is splitted into three parts:
• Near-field: solved by real space truncation
• Mid-range: solved by the Fourier spectral method with little zero padding
• Long-range: solved by the Fourier-Chebyshev method with 𝑂(1) number of Cheby-

shev points

The solver addresses challenges arising from singularities and strong confine-
ment, and has the following advantages:
• spectrally accurate with rigorous error analysis (Liang et al., 2023)
• requires little or no zero padding for high-aspect-ratio rectangular boxes
• no upsampling in the gridding and gathering steps
• all computations occur within the fundamental cell
• simple to implement and parallelize for large-scale MD simulations

Limitation: non-adaptive; complexity is 𝑂(𝑁 log 𝑁) rather than 𝑂(𝑁).
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Links

Source code and preprint are available on GitHub and arXiv.

FastSpecSoG.jl, available on GitHub arXiv preprint: 2412.04595

A Fast Spectral Sum-of-Gaussians Method for Electrostatic Summation in Quasi-2D Systems 16 / 16



Thank you for your attention!



Appendix



The U-series and its derivative

Figure 8: The U-series and its derivative, 𝑟𝑐 = 10.0.
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SOG parameters

Figure 9: U-series parameters and the error
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Window function

Figure 10: Different window functions.
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Zero-padding

Figure 11: Zero-padding.
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Chebyshev interpolation

Figure 12: Accuracy of the Fourier-Chebyshev solver.
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Strongly confined systems

Figure 13: Strongly confined systems.
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